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Mechanical Vibrations

LECTURE 1

EQUATIONS OF MOTION

Euler’s equations
Virtual work
d’Alembert’s principle
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Mechanical Vibrations

LECTURE 3

EQUATIONS OF MOTION
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Mechanical Vibrations

LECTURE 4

EQUATIONS OF MOTION
Linearization
Mechanical vibrations
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82 We may now introduce the condition that the moti
takes place in the immediate neighbourhood of a configuration
of thoroughly stable equilibrium’; I'and P are then homogeneous
quadratic functions of the velocities with coefficients which are
to bo treated as constant, and V is a similar function of the
co-ordinates themselves, provided that (as we euppose to be
the cass) the origin of each co-ordinate is taken to correspond
with the configuration of equilibrium. Moreover all three
functions are essentially positive. Since terms of the form d7/dy
are of'thé second order of small quantities, the equations of motion
become linear, assuming the form

d /dT\ dF 4V
N Ei(d%).'-d‘l’*ld‘k-q’ .................. @),
iwhere under ¥ are to be included all forces acting on the system
“not already provided for by the differential coefficients of F and V.
The three quadratic functions will be exp! d as follows :—
T =t +§aufi+ e + G + oo .
Fumdbydy? + b + oo + b+ e |aneennn @),
Vmdeaynd + e + oo + G + o0
ﬁ'where the coefficients a, b, ¢ are constants.

From "The theory of Sound. Vol 1.”
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Mechanical Vibrations

LECTURE 7

UN-DAMPED VIBRATIONS
Eigenfrequency characterization
Rayleigh quotient
Minimax principle
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Mechanical Vibrations

LECTURE 8

DAMPED VIBRATIONS

Diagonalization with normal modes
Rayleigh damping
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Mechanical Vibrations

LECTURE 9

DAMPED VIBRATIONS

Damping mechanisms
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Mechanical Vibrations

LECTURE 10

DAMPED VIBRATIONS

Forced vibrations
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Mechanical Vibrations

LECTURE 11

DAMPED VIBRATIONS
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Mechanical Vibrations

LECTURE 13

CONTINUOUS SYSTEMS
The vibrating string
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Mechanical Vibrations

LECTURE 14

CONTINUOUS SYSTEMS

The one-dimensional body
The bar in extension
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Mechanical Vibrations

LECTURE 15

CONTINUOUS SYSTEMS
The beam in bending
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LECTURE 16

CONTINUOUS SYSTEMS
The three-dimensional body
Navier’s equation of motion
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The acoustic tensor
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LECTURE 18

CONTINUOUS SYSTEMS
The two-dimensional body
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Mechanical Vibrations

LECTURE 19

CONTINUOUS SYSTEMS

AND APPROXIMATIVE METHODS
The Rayleigh — Ritz method
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Mechanical Vibrations

LECTURE 20

CONTINUOUS SYSTEMS
AND APPROXIMATIVE METHODS

The Finite element method
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Mechanical vibrations

APPENDICES

Appendix A.1: Derivatives of vectors and matrices

We use the following notation. If we have a real-valued function

f=r4;495---9,)€R

then

9q, 0q, aq,

S NS T F | g
oq

that is the i” component of this vector is given by

g : =1, i=1,..,n
oq" 0q,
If we have the vector-valued function
a=a(q)=aq,,9,--.9,)=[a, a, ... a,] eR™

where
a,=a,(q9)=0a,9,,9,,-.-,4,), i=1,...,n

then the so-called Jacobian is given by

L R ]
6ql aq2 aqn
Oa, Oa, Oa,
6a Py A o A nxn
— aql an 6qn € R
oq . .. .
Oa, Oa,  Oa,
| 0q, Oq, oq, |
That is
oa oa.
(_a_)y =—
q " 0q,
Note that

Al

(A.1.1)

(A.12)

(A.1.3)

(A.1.4)

(A.1.5)

(A.1.6)

(A.1.7)
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g, % 9q,
0 o O
a% aqz 6qn 10 0 0
B il I A B
oq :qf fb ?"_0010_—
- ) 0 0 0 I
9q, 0q, aq,
i.e. the unit matrix. This may be expressed as
0
(_qij':é‘ij
oq
With u=[u, u, ... u,] eR™ andv=[v, v, ... v,] eR™ wehave
By,
oq i,j=16qJ'
If we have the matrix-valued function
A]l A12 i Aln
A, A, ... A
A=Aq) = 4G qyo--nq)=| . T T T |eR™
Anl An2 La Ann
where
Aij=A|'j(q)=Aij(q1’q2""’qn)
then
n a [
uT(a—Av)w= > iuivjwk
oq i,j.ke=1 04},
or
04 2, 04,
(V= ij
oq j=1 aqk

Note that if A is a symmetric matrix, i.e. A" = 4, then

i k=1 aqk i k=1 Oy

A2

(A.1.8)

(A.1.9)

(A.1.10)

(A.1.11)

(A.1.12)

(A.1.13)

(A.1.14)

(A.1.15)



Mechanical vibrations

We have the following derivation rules:

Proposition A.1.1 With a=[a, a, ... @], u=[u, u, .. u] anddan nxn-

matrix, according to (A.1.11), all depending on g. Then

—a—(aTu)=uT@+aT9‘i (A.1.16)
0q 9  oq
Loany =L+ 4% (A.1.17)
0q oq oq
i(uTAv)=uTa—Av+uTAQ+vTAT% (A.1.18)
dq 0q dq Oq

Proof: A straightforward calculation gives

8 .. 8
a(a ”)=a(i;ai“i) [—(Za )—(Za —(Za :|

] i=1 2 i=1 n i=1

6a 61; ou. * Oa, ou.
=|( =) ( ) e ( _i'“i'{'ai"L)j'=
I: i=] a@’ ." Z a 2 I=ZI 6gu aqu
{ LI S T S ) +|:Za,.% " 38 }
i=1 a% =7 04, i=I aqn 1 L=t g, 6% =1 aqn
[0a) Oay  Oa] T
99, Oq, g, o9, 0q, aq,
o 2, 9 TR
=[u, u, ... u,]| 6q, 0q, oq, |+[a; a, ... a,]| g, 04q, oq, |=
da, Oa,  Oa, ou, ou,  ou,
| 09, 0q, oq, | | 0q, 0q, oq, |
=uTa—a+aTa—u (A.1.19)
Oq Oq

and this proves (A.1.16). Furhermore

4, A, A4, || w
i (Au) = i ( A.zj Ay A.Zn ”'2 )=
0 oq | : : g 3 :

Anl AnZ T Ann un

A3
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a(zA]juj) a(ZAljuj) a(zA]_/uj)
F = =1 i=1 e =]
> A oq, oq, oq,
i=1 n n n
NFau| [ o) A A
_ 0| &t | | = J= N~ B
“og|” . o, oq, og,
An.u. n. n n
|24 WFAu) 00 Aw) A Au)
j= J= J=
L aql an 6‘?1;
[ &, 04 ou, & 04, 0 1. 04 ou,’
Za““J Aua_ul ZaU”f"’Ar;auj Zauz";‘"‘ Uai
j=1 q, q, J=1 q, q, Jj=1 q, q,
04, 0 . 0A ou, n 0A, 0
Z—"J"H;'FAH—ML D .J;‘i 2 ,)i
=\ =1 9q, q; =l aqz oq, J=1 aqu aq, |=
UGV, ou, n 04 . 0 n 04 ou.
z = u; A"fi Z_’U”ﬁ‘%& Z . u1+Aw'i
=1 0q, 9q, ‘=1 9q, aq, "= 0q, aq, |
[ &, 04, 04, LY (&, 0 noQ " Qu, |
Z - L 2 . u/ Z - u.l ZAU uj ZAU uj ZAIJ uj
=1 0q, j=1 oq, =1 0q, j=1 0q, j=1 0q, j=1 0q,
2, 04, 04, 2, 04, x ou, Ou ) Ou
z Juj Z Juj z juj ZAha_ ZA216_ ZAha_' _
+ J=1 q, Jj=1 2 Jj=1 n |

=1 0q, =1 04, =1 g, =l v Oq, 55 Oq, = " 0q, J
=a—Au+A@ (A.1.20)
Oq oq

and this proves (A.1.17). Using (A.1.16) and (A.1.17) it follows that

i(MTAV) =ur?ﬂ+(Av)T%=uT(a—Av+A@)4vTATa—u=
dq oq oq oq dq dq

o z : (A.1.21)
LAY G IA AR O e

oq oq oq

and this proves (A.1.18). O

A4
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Corollary A.1.1

and if

then

d oA
—(q"49)=q" —q+q"(4+4")
Oq 0q

6—A=0 and A" = 4

Oq

9 (g7 ag)=24"4
oq :

Proof: Taking u=v=gq in (A.1.18) gives

d
—(q"A9)=q"
Oq

oq oq

6A T T 4T TaA T T
—q+q A—+q A —=q —q+q (A+4
6qq q 2 q 54 7 551 q ( )

where we have used (A.1.8). This proves (A.1.22). If

6_A=0 and A" = 4

0q

then, from (A.1.22) it follows that

and this proves (A.1.24). O

0
r (q"Aq)=24"4
q

Theorem A.1.1 The real-valued function

T'=T(q,9) = é(f (@+a(@) q+4" A(9)q)

has the following derivatives

.
or_19f w00, 04

oq 28qq6qq6q

or 1

(@ +¢" (dp+4"(9)

oG 2

(A.1.22)

(A.1.23)

(A.1.24)

(A.1.25)

(A.1.26)

(A.1.27)

(A.1.28)

(A.1.29)

Proof: Applying the derivation rules in proposition A.1.1 and Corollary A.1.1 one finds that

AS



Mechanical vibrations

el (Z 4+ =+ L2 A.1.30
%0 2(&17 q % g oa ——)= 2(5 +q" aq q aqq) ( )
and
or 1.0f .p0a TaA(q)q
e + A =
24 2(aqqaq (()) aq)
1 ) ) 1 }
3 (@ +(Ag))" +4¢" Aq)) = g (a" +4" (A(g)+ 4" (q)) (A.131)
where we have used
o _
- and A.1.32
aq. ( d; ( )

and this proves the Theorem. O

Appendix A.2: Lagrange’s equations and their linearization

This text may be seen as a complement to the pages 71 -76 in the Lecture Notes. It contains
more details on the linearization procedure.

Lagrange’s equations may be written

%(2_;)_2_;=Q. sl n (A2.1)
where
T=T@,q,9)=T,+T,+T, (A2.2)
is the kinetic energy and
0 = j f —dm i=1..n (A.2.3)

is the generalized force. We now divide the generalized forces into two parts, the conservative
and the non-conservative,

0, =07 + Q" (A.2.4)

and assume that

A6
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con aV
Qi - 6q"

where
V=V(,q)

(A.2.5)

(A.2.6)

is the potential energy containing all conservative forces, such as the gravity and elastic

forces. Introducing the Lagrangian
L=L(t,q,q)=T-V
Lagrange’s equations may be written

i(a_l.;)_é_L:Qi,,,m, i=1,...n
dt 09, 0q

i

non

We may split the generalized non-conservative force Q" according to

int !
Qinon — Qim + Qlex

i.e. into a sum of internal and external forces. It may be assumed that

Q‘m‘ = _a_D
’ aq,
where
D=D(,q,9)

is the so-called dissipation function. Lagrange’s equations may then be written

a4 a_ﬁ)_a_Lﬁa_.D:Qf’”, i=1..,n
dt 0q oq' aqi

Using the relative Lagrangian
: I1& ..
L=T, —V=—Za,.jqiqj -V
2 i,j=1
then Lagrange’s equations take the form

= %)—%+a—?=—K{—Kf+Qf", i=1,..,n
dt 84" oq &g

(A2.7)

(A.2.8)

(A.2.9)

(A.2.10)

(A.2.11)

(A2.12)

(A.2.13)

(A.2.14)

where the transport inertia force K; and the gyroscopic inertia force K¢ are defined by

A7
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k=2 O Oy 10y g gy 5 00, M _$gy,
ot 0q,° oq, ot 2 0g, =1 04,04, oq,

H

(A.2.15)

respectively, and where

azTI _ 62]} _aam_aaOJ'

gy =0t : (A.2.16)
" 09,04, 0404, 0q, oq,
Note that the matrix ( g”,.j) 1S anti-symmetric
~ T ~
(g,) =—(&) (A.2.17)
ie. g,=-g. A straightforward calculation gives the identity
d 8L E
aqg.+ ) C, +> 2§ +— A.2.18
dt a 6ql Z qu Jg—;l l_]kq_,qk Z q_] qi ( )
where
0 Oa, .
Cpo =t (S J Oy i k= 1.m (A.2.19)
2 0qg" 0q' Oq’

and then Lagrange’s equations read

2, Oa, oV oD
a.q.+ —L G, +—+—=-K'-K5+0%, i=1,.,n
Z A ; nd+ 2yt ot =K K Q)
(A.2.20)

H

This is a set of # second order ordinary differential equations for the determination of the
motion

q,=q,(t), i=1,..,n (A.2.21)
once the external force
o =07 (A.2.22)
and initial conditions
9,(0)=9;, §,0)=4; (A.2.23)

are given. Here ¢, 4’ i=1,...,n are given constants. The mechanical system is called non-
disturbed if there is no external force, i.e. if

A8
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O ()=0,t20 (A.2.24)
Lagrange’s equations then read
Za,,qj e Z wdid; +6—V a—"D-=—K,.’ -KE&, i=1..,n (A225)
J k=1 oq, 94

and this represents the free motion of the mechanical system.
A fixed configuration q = q° is an equilibrium configuration to the non-disturbed system if
q,()=q,t20 (A.2.26)

is a solution to (A.2.25). If we insert g,(¢) =q/, (§,(£) =0, §,(¢) =0) into (A.2.25) then we
obtain the equation

‘i (t,q9",0)=-K;/(t,4",0) (A.2.27)
where we have assume that
2—{?(@ q°,0)=0 (A.2.28)
and used the fact that
K:(t,q°,0)=0 (A.2.29)

The equilibrium equation (A.2.27) is equivalent to

oV’ o 0T, _ Oa,

P —a(gql—) =~ (A.2.30)
where
V'=V-T, (A.2.31)
is the so-called modified potential. Now if
%(t, ") =0 (A2.32)

which obviously is true if the coordinate system is scleronomous, then the equilibrium
equation reads

A9
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-aL(t =0 (A.2.33)

a‘?f

which means that the equilibrium configurations of the undisturbed system are the
configurations for which the modified potential is stationary.

We take Lagrange’s equations on the format

d(aL —L—Q’"‘+Q i=1,..n (A.2.34)

and assume that we have an equilibrium state: q, =q’, ¢, = 0. We introduce the matrices

0

q; q, g q;

- - 0

. q = QJ == 1_?3 — q
g=". s q=| | a=|" |7 =|" (A.2.35)

F=g-g’= (A.2.36)

A Taylor expansion of the Lagrangian gives

L(t,7,9)=L(t,q" +7,0 +7) =

L7 0)+(—)0 +( )0 (—)0 ( )0 L@y 5o

2 ogtt
(A.2.37)

where higher order terms in 7 and 7 have been neglected, We use a notation where, for
instance,

_)u (GL aL a—L] =—(t 7°,0) (A.2.38)
a an an aqu 0 aq

and

Al0
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(L gL ol
og;  0q,0q, &q,0q,
&’L oL ZL | ZL
( 5_,);, 04,04, 0(_15 a0, (A.2.39)
O’L o’L L
(09,09, 09,09, = 0oq; ),

Since (7°,0) corresponds to a equilibrium state

ov:
(_)0 _(a_)o (a_)o —( ”)o (a_)o (66 ) =0 (A.3.40)
where we assume that (A.2.38) is satisfied. Furthermore
&’L af T, oV o’ T, L. O,
(6_2)0 )0 (6_1)0 ( a_a )03 ( _aa)o _aq )0 (aq_ )0 (a_a )0
(A.2.41)
and then
L(t,q, q) =
2
L) =L,7 0)+(a??’ )P = ) FarT Lir @ Ly 7 s
2 0°q
(A.2.42)

We now use coordinates (7,7) instead of (7,7) and calculate the partial derivatives

oL oT,. _, 0T, . ., 0T,
—=(—), +7r —)y +¥ (—=), +... A.2.43
= (82]_)0 (a@’af;")" (62?* Yo ( )
oL T,
—=— A.2.44
o ( 7 )0 ( o a_)o ( )
For the internal force
o"=(or o .. o) (A.2.45)

we obtain

All
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—_ . —. _ . — P a ~yint a yint N 6 int
0" (0.7.9)=0" (0.7 +7.7) = 0" 0,7, 0)+7 C2- Q 2, +7 (e Q do o= (e Q L e+
(A.2.46)
if we assume that
G"(,7°,0)=0 and (%L, =0 (A.247)
q
e -
Note that the matrix ( — ), 1S, in general un-symmetric. It is defined by
q
(6Q1nl ant . aQ:;nt 3\
0q, g, 0q,
aé;m ant ant . aQ’:lnt
(a__)u =| 09, 0g, 9q, (A.2.48)
6th an.* N aQ':m‘
o4, 0q, o, ),
Lagrange’s equations may now be written
d oL 0L d oL, oL -
—()——=—()-—=F (_.._)0+ T( )
dt 0q," 0q, dt OF" O 0qog
6‘?V’ s an‘ (A.2.49)
+_T(%)0 _T(a_af_)o _T( )0 Qfﬂ Foy i= 1,...,"

Transposing and re-arranging this equation will leave us with

o'ty . , 0T, o°T, oo™ - .
(G +(Goahh ~( = Co0F 4 _),, 0 4y i=Lyn
(A.2.50)
where we have used the symmetry
o°T,
( _)o—(ag_) (A.2.51)

We now define the following matrices: The mass matrix

Al2
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2
u=E2),, M-y (A2.52)
q

the ’B-matrix’

6 T a T} 6Qun‘
p aﬁ)o (a_a_)o 5

=_)! (A.2.53)

0

B=(
an the stiffness matrix

( 07 )oa K* =K (A.2.54)

If we assume that the g-coordinate system is regular then we may conclude that the mass
matrix is positive definite, i.e.

W' Mu>0, Yu#0eR" (A.2.55)

and then M is invertible, i.e. M~ exists. Furthermore, if the modified potential has a local
minimum at the equilibrium state then the stiffness matrix is positive semi-definite, i.e.

W Ku>0, YVi#0eR" (A.2.56)

The B-matrix is in general not symmetric. A decomposition of B into its symmetric and anti-
symmetric parts gives

B=C+G (A.2.57)
where
] 1 6er 6Q"" -
C=—(B+B")= Cc =C A.2.58
_2( )= 2((&?) ( =—);), €' =C ( )
is the so-called damping matrix and
] anr Ber a T
G=—(B-B" =
G 2(_ B)= (( Do ( —),)~(( ﬂa#)o (a_a_.)o)
a it a HH
T Q -2 S +&), 6= (A.2.59)
is the gyroscopic matrix. We have here used the fact that
o°T, T ~
" aﬁ)(, =(&,) =-(&) (A.2.60)

Al3
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Note that if
o™= ~Z—lq3 (A.2.61)
where D = D(t,q,q) is a dissipation function then
66%""’ = —% (A.2.62)
and this is a symmetric matrix and consequently
Q=—(§qT’i)o, G-(z) (A.2.64)
The anti-symmetry of G has as a consequence
u'Gu=0, Va eR" (A.2.65)
The equations of motion for mechanical vibrations may now be written
M#+Bi+Kr=P (A.2.66)
where
P=0"" (A.2.67)

is the external force.

Appendix A.3 Extremes of real valued functions

Let f = f(x,y) be areal-valued continuously differentiable function. The necessary
condition for /' to have a stationary point (minimum, maximum or indifferent) is

Axy) _ g YY) _

0 A3l
Ox oy ( )

Every solution x =x,, y =y, to (A.2.1) is a stationary point of the function f. If

. " 2
62f(x0,y0)>0 63/(x0,y0)>0 & [ (50, 30) &S Gor30) [ 81 (%05 30) >0

ox ’ oy’ ’ ox’ oy’ Oyox
(A.3.2)

then the stationary point is a strict local minimum. If

Al4
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2, 2 p i 2 2
o f (xg,yu) <o, o°f (xg,yn) <0, 52](3:3, Yo) @ f(xg, 7o) [ 0 f (x5 35) 0
Ox oy Ox oy Oyox
(A.3.3)
then the stationary point is a strict local maximum. If
2 2 200 2
a f(x(;,yo) a f(xoz’yo) — 6 .f('x'ﬂryl]) <O (A34)
Ox oy Oyox

then the stationary point is a saddle point.

Appendix A.4: On the definition of relative damping for complex modes
Given a mechanical system with the impedance matrix
Z(s)=Ms*+Cs+K (A4.1)
Let s=o0+iweC, o,0eR, 6<0, w#0, bearoot to the characteristic equation
p(s)=det(Z(s))=0 (A4.2)

and let z be the corresponding mode shape vector, i.e. Z(s)z =0, then the relative damping
¢ corresponding to this mode (s,z) is defined by
: 1
{f=——on (A4.3)
1+
o

For a weakly damped system, which is diagonalizable using the classical normal modes, we
have (see Lecture Notes on p.150)

c=—Cm, o=m,=aI-¢° if 0S¢ <1 (A.4.9)
and then
1 1
¢ = = =¢ (A4.5)
\jl = \j 1 (@V1=Cy;
B - @,

AlS
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Appendix A.5: Partitioned matrices

Consider the matrix

b

1]
A I
IS I

J e R(n+m)x(n+m) (A.Sl)

where 4e R™", DeR™ and CeR"™™ and D e R™". Calculate det A!
Case 1: Assume that det 4 # 0. Then
det A=det A-det(D—CA~'B) (A.5.2)
Case 2: Assume that det D # 0. Then
det A=det(4-BD7'C)-det D (A.5.3)
Note that if all matrices are square, i.e. m =n then (A.5.2) and (A.5.3) may be replaced by
det A=det(4D—-ACA™'B) (A5.4)
and
det A=det(AD -BD'CD) (A.5.5)
respectively. Now if 4 and C commute, i.e. 4C =CA then (A.5.4) may be written
det A=det(4D -CB) (A.5.6)

and if C and D commute, i.e. CD = DC then (A.5.5) may be written

det A=det(4D-BC) (A.5.7)
Now consider the matrix
Bs+K Ms
= = (A.5.8)
Ms -M

where M is the mass matrix, B the ‘B-matrix’ and K the stiffness matrix of a mechanical
system. Since det(—A/) # 0 we obtain, by using expression (A.5.3)

[Bs +K Ms
det

Ms - MJ =det(Bs + K —Ms(—M )™ Ms)-det(-M) =

=det(M s’ + Bs+K)-det(—M) = det Z(s)-det(-M) = (=1)" det M p(s) (A.5.9)
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