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MECHANICAL VIBRATIONS
Introductory exercises

The student may consult the basic course in mechanics for information on vibrations of one-
dimensional systems, for instance the textbook Meriam & Kraige; Dynamics, Chapter 8 or
Nyberg C.; Mekanik, Grundkurs, Chapter 12.

Theory

1. Show that the initial value problem for a one-dimensional system performing free
vibrations

mi+kx=0

x(0) = x,, 2(0) =v, O

where m and k are positive constants and x,, v, are constants prescribing the initial
conditions, has the solution

vy .
x(t) = x, cos w,t +—>sin w, ¢ )
Wy

fk .
where w, =, [— is called the natural frequency of the system.
m

2. Show that the initial value problem for a one-dimensional system performing forced
vibrations

mi +kx = Psin ot 3)
x(0) = x,, #(0) =v,

where P and w are constants characterizing the ‘external dri\;ing force’, has the
solution

~ A

x(t) = x, cos w,t + 1 (v, — g(ﬂ) il w)sinwyt+g (ﬁ)ESin wt Q)
600 a)o k wO k

where @, = \/% and g(0)= 1_102 is the so-called magnification factor.

3. Using the solution (4), in exercise 2 above, and the following data:
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m=1.0kg, k=1000Nmm™, x, = 1.0mm, v, = 10mms™
P=100N, w=20rads™

Plot (using a math software such as Matlab or Maple) the motion x = x(¢)

a) inthe time interval 0<¢<2.
b) in the time interval 0<¢t<10.

If viscous damping is introduced into the model then the initial value problem for the
system performing forced vibrations may be written

mx+cx+kx = Psin wt

x(0) = x,, %(0) =, 0

where c is a positive constant (‘the viscous damping coefficient’). Calculate (using a
math software such as Matlab or Maple) the solution to the initial value problem. Use

the data in exercise 3 above along with the viscous damping coefficient ¢ = 3Nsmm™ .
Plot the motion x = x(¢)

a) in the time interval 0 <t <2,
b) in the time interval 0 <¢<10.

Explain the performance of the vibration. What happens in the limit# — oo . Compare
with the un-damped vibration in exercise 3!

The so-called steady state solution to (5) may be written

~

P o .
x,(t) = —g(—,¢)sin(wt - &) (6)
ko
where ¢ = : is the so-called relative damping. The magnification factor g is
ma,
given by
1
g(0,6)= , 00<o, 0<g<mw (7
JI-6°) +45°6°
and the phase lag angle & is given by
arctan( Zggz) if0<f<I
6(6,6) = 2¢0 ®)
arctan(j g92)+7z' if6>1

a) Show that the steady state solution (6) is a solution to the differential equation in
(5). Does it fulfil the initial conditions?
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b) Plot the solution to the initial value problem (5) x = x(¢), as obtained in exercise 4,
and the steady state solutionx, = x,(¢) in the same diagram for the time interval

0<t<10.How do the solutions differ? What happens in the long run?
c) Plot the magnification factors g=g(0,0.05), 004 and

g =g(6,0.5), 00 <4 in the same diagram.
d) Plot the phase lag angles & =5(6,0.01), 0<0<4 and 6§ =6(0,0.1), 0<0<4 in
the same diagram.

Applications

6. Calculate the natural frequency of vertical oscillations of the 25-kg block when it is set
in motion. Each spring has a stiffness 0of 1200 Nm™ . Neglect the mass of the pulleys.
(Meriam & Kraige, Dynamics (5™ ed.), Problem 8/23).

WA

S

. P kA AL

26 kg

7. The system shown is released from rest from an initial positionx,. Determine the

‘overshoot’ displacement x, . Assume translational motion in the x-direction. (Meriam
& Kraige, Dynamics (5" ed.), Problem 8/38).

8. The motion of the outer cart B is given by

xp = x,(t) =bsin wt &)
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For what range of the driving frequency  is the amplitude of the motion of the mass
m relative to the cart less than 2b. The damping of the system is assumed to be
negligible. (Meriam & Kraige, Dynamics (5" ed.), Problem 8/58).

|
| »>1xB=bsin wt
| -

9. Two identical uniform bars are welded together at

right angle and are pivoted about a

horizontal axis through the point shown. Determine the critical driving frequency of
the block B which will result in excessively large oscillations of the assembly. The
mass of the welded assembly is m. (Meriam & Kraige, Dynamics(5™ ed.), Problem

8/92).

10. (Rotating unbalance). A conterrotating eccentric

xp=b sin wt

weight exciter is used to produce

forced oscillations of a spring-damper supported mass, as shown in the figure below.
By varying the speed of rotation a resonant amplitude of 0.6 cm was recorded. When
the speed of rotation was increased considerably beyond the resonant frequency, the
amplitude appears to approach a fixed value of 0.08cm. Determine the relative

damping of the system.
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MECHANICAL VIBRATIONS
Exercise 1: Equations of motion

Theory

1. A mechanical system (body) @B is subjected to the external force system {dF"} and the
internal force system { dFi} . Show that

(dF° +dF' = adm dF° +dF’ = adm
{JaF =0 N <dee=Iadm (1)
@ ®
IrxdF"=0 J.rxdFezjrxadm
[} . B 3

2. Consider a mechanical system B whose configuration space is 1-dimensional, i.e. the
position vector of a material point P € B is given by r =r(q; P) where q is one scalar
variable, g =q(f). We assume that the system has a potential energy U =U(g) and

that Qext :Qint - 0
a) Show that the kinetic energy of the system may be written

7(4,4) =3 alq)i’ where a(g) = 6—; o @

b) With the Lagrangian L=L(q,§)=T-U calculate the equation of motion for
the system.

¢) Show that the mechanical energy E = E(g,4) =T +U is a constant (an integral
of motion). Use this to show that a solution ¢ =¢(¢), £>0 to the equation of
motion with the initial condition ¢(0)=g,, ¢(0) =v, >0 must (at least in the
first phase of the motion) satisfy

q(t)
t= [ va®) 3)

UAE-U(x))

Evaluate this relation for the case a(q)=m, U(q) =§q2 where m and k are

positive constants.

d) Show that g =g,, ¢ =0 is an equilibrium state if and only if
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dU(q,) _
“d 0 4)

€) Show that an equilibrium position is stable if

d’U(q,)
_dq3 >0 &)

3. A mechanical system has the Lagrangian L =L(t,q,¢)and the generalized forces
0 =0.(%,9,9) . Show that

0, =0, a—LEO:a—_L=const. (6)

oq,, 0q,

i oL .
In this case we say that — is an integral of motion.
q

4. Given a mechanical system with Lagrangian function L= L(t,q,,...,q,,4,,...,§,) and

with the generalized mechanical energy £ = E(t,q,4) = Z%qi —L . Show that in a

i=1 i

change of coordinates ¢ — ¢*, defined by g =g(t,q") , we have the relation

" % OL 0q,
E=E-Y2% 7
2.5, @

5. A mechanical system has the Lagrangian L = L(t,q,¢) and the gyroscopic inertia force

K= Zg—,.j g;- The equations of motion are linearized at an equilibrium state
j=1

q=q,, ¢=0. Show that the gyroscopic matrix G = [ g,.j] may be written

o’L O’L
= . —(&. 8
e G a0 ®)

&y
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Applications

6. A physical pendulum in the form of a rigid body with mass m may rotate around a
fixed horizontal axis, with respect to which its moment of inertia is J. The centre of
mass ¢ has the perpendicular distance 2>0 to the axis, see figure below. Use
Lagrange’s method to formulate the equation of motion for the system:

a) if there is no friction in the revolute joint between body and axis.
b) if there is a constant friction moment M , in the revolute joint between body

and axis.

Calculate the possible equilibrium configurations of the system. Are they Liapunov
stable (asymptotically stable) or unstable?

7. The pendulum system, moving in a vertical plane, consists of a small ball with mass m
fixed with a string, of length /, to a carriage which may move, without friction, along
a horizontal line as shown in the figure below. The carriage, with mass m_, is
connected to a fixed point with a linear elastic spring, with spring constant &, and
subjected to an external force F =F(f) along its line of motion. Use Lagrange’s

method to formulate the equations of motion for the system, (x =0 corresponds to
unstressed spring).

—
aeeane ] L’{——» F=F()
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8. A mechanical system consists of a thin hoop of radius R and mass m, that may rotate

without friction around a vertical axis. A bead of mass m can slide freely (no friction)
around the hoop. The hoop is acted upon by the torque M = M(t) about the vertical
axis.

a) Use Lagrange’s method to formulate the equations of motion for the system.

b) Determine whether there are any integrals of motion.

¢) Assume that the hoop is rotating with the constant angular velocity Q.
Determine the possible equilibrium states of the system.

L
- _.1‘&

~—

9. A double pendulum consists of two particles F, and B, with masses m, and m,
respectively, connected by two strings of lengths / and /, according to the figure
below.

a) Use Lagrange’s method to formulate the equations of motion for the system.
b) Linearize the equations of motions at the equilibrium state:

0=¢=0, 0=¢=0.

| e
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10. A mechanical system consists of a particle pendulum with mass m, and cord-length /
connected to a carriage, with mass m,, which may move along a vertical guide, see
figure below. The carriage is supported by a non-linear spring element with a
retracting spring force equal to S=S(x)=kx+k,x’, k,k,>0 where x is the
elongation of the spring (measured from the unstressed state). The contact between the
carriage and the guide walls gives rise to a constant frictional force F, >0 opposing

the motion. Using the generalized coordinates x and 6

a) Formulate the equations of motion for the system.
b) Calculate the dissipation function for the system.
¢) Find the equilibrium states and decide on their stability.

LU
\_._] il

= 8$=S(x)
=LA 3
NIEHS IE:
NV R
-~ ) -~
NI AN

"\
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MECHANICAL VIBRATIONS
Exercise 2: Un-damped Vibrations

- Theory

1. The free motion of an n-dimensional, linearized, mechanical system with mass-matrix
M, damping/gyroscopic-matrix B and stiffness-matrix K is given by

Mij+Bq+Kq=0 (1)

Assume thatq =q(#) =xe”, seC and xe€R” a constant vector, is a solution to this
differential equation. Show that

Z(s)x=0 (2)
where Z(s) =Ms’ +Bs+K is the so-called mechanical impedance matrix.
2. Show that if detK =0 then there is a constant vector u=0 such that the motion
(“rigid-body mode”) q =q(¢) =u-(at+ ), « and B constants, is a solution to
MG+Kq=0 3)

T
3. Show that the so-called Rayleigh quotient ®(x)= XTI\I/(IX for an n-dimensional
x Mx

mechanical system with mass-matrix M and stiffness matrix K satisfies
ol SR(X)<w?, VxeR" 4)

where @ is the smallest eigenfrequency and « the largest, (@ < @? <...<@?).

4. An n-dimensional linearized, undamped, non-gyroscopic mechanical system with
mass-matrix M and stiffness matrix K has the characteristic equation

det(-’M +K) = ¢, (@’)" +¢, ,(@°)"" +...4¢, =0 Q)

a) Show that ¢, =(-1)"detM, c,=detK

b) Show that if detK =0 then @ = 0is a root to the characteristic equation.

¢) Show that if @,a?,...,’ are the roots to the characteristic equation and
detM # 0 then for the product of all roots we have

) , detK
..o

= 6
" detM ©
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Applications

5. See Exercise 1:7. The pendulum system, moving in a vertical plane, consists of a small
ball with mass m fixed with a string, of length /, to a carriage which may move,
without friction, along a horizontal line as shown in the figure below. The carriage,
with mass m,_, is connected to a fixed point with a linear elastic spring, with spring

constant k (x = 0 corresponds to the unstressed spring).

a) Formulate the linearized equations of free vibrations for the system around the
equilibrium state:p =x=0, p=x=0.

b) Calculate the system eigenfrequencies and the corresponding modes shapes for
the case m=m_ =1.0kg, k =100N/m, / =1.0m, g =9.81ms™.

¢) Show that the mode shapes are orthogonal with respect to the mass-matrix.

d) Introduce the external force as in Exercise 1:7; F = F; sin(w¢)and calculate a
forced response (particulate solution).

X
—
LQ‘?‘ iu*,{r‘ t{

6. See Exercise 1:9. A double pendulum consists of two particles £, and B, with masses
m, =m, =m respectively, connected by two strings of lengths /, =/, =/ according to
the figure below.

a) Formulate the linearized equations of free vibrations for the system around the
equilibrium state: 0 =¢=0, 6 =¢=0.
b) Calculate the system eigenfrequencies and the corresponding modes shapes.

lily
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7. Consider a mechanical system consisting of two identical particle pendulums with
mass m=0.5kg and cord-length /=2.0m (meter) connected with a spring whose

unstressed length is equal to the distance between the points of suspension of the
pendulums and with a spring-constant = k. Denote by 6, and €, the angles of
inclination of the pendulums, see figure below.

a) Formulate the linearized equations of free vibrations for the system around the
equilibrium state: 6, =6, =0, 6, =6, =0.

b) Calculate the system eigenfrequencies and the corresponding modes shapes.

¢) Suppose that the pendulums are at rest at the initial moment (¢ =0), and one of
them is given the initial angular velocity 6,(0)=w =1rad/s. Calculate the

subsequent motion in the cases k& =10N/m and & = 0.1N/m respectively. Use
some math code (Matlab, Mathcad, Maple, ...) to plot the motion in a diagram.

8. Consider the mechanical system in the figure below. The masses move along a fixed
horizontal line and the left mass is subjected to an external harmonic force with

amplitude F and angular frequency w.

a) Use the coordinates x, and x, and formulate the equations of motion for the

system.
b) Calculate the natural frequencies and mode shapes for the free vibrations

(F,=0).
c¢) Calculate the forced vibration (£, >0). Is there any frequency @ for which
the left mass is at rest (x, (1) =0)?

X1 X2
k H= L T
m 000000~ m

—

Fo sin(wt)
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9. Consider a mechanical system consisting of three wagons with masses 2m, 3m and m
respectively. The wagons are connected to each other and to the walls with springs of

stiffness 2k, 3k, 2k and k respectively, see figure below.

a) Use the coordinates x,, x, and x, and formulate the equations of motion for the

system.
b) Calculate the natural frequencies and mode shapes for the free vibrations.
¢) Show that the mode shapes are orthogonal with respect to the mass- and

stiffness-matrices.

d) Calculate the component a,, =a, (w)of the admittance matrix. Plot this
function in a diagram. Find frequencies " satisfying:a, (0°)=0 (anti-

resonances).

¢) Introduce the constraint x, =0 (i.e. we fix the wagon on the left). Calculate the
natural frequencies for this constrained system (with two degrees of freedom).

Use k_ 10*s? and m = 1kg in the calculations.

m

2k

>

3k

AAAA

R
2k
3m AV m

2m

ONENO]

yyy

(ONENO) (ONEO)
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MECHANICAL VIBRATIONS
Exercise 3: Damped Vibrations

Theory

1. A mechanical system is defined by its mass-matrix M, its stiffness-matrix K and its
damping matrix:

C=aM+ pK, «a,p (positive) real constants 1)
Show that
CM'K=KM™"'C 2)

2. Let ¢ denote the relative modal damping and @, the un-damped modal natural
frequency of the system in exercise 3:1 above with a =1.0 and # =0.001. Plot the
function: ¢ =¢(@,), 10<w, <100.

3. The free vibrations of the system in exercise 3:1 above are given by the solution to the
initial value problem:
Mq+Cq+Kq=0

9(0)=q,, 9(0)=4, )
where q,,q, are given constant vectors.

Show that the solution to this problem is given by:

2 X XXM |
a@)= {ze-gf (BB cos(@, 1)+, X sin(a, r))}qo +

i=1 i di ; i

.
D o XXM .
+[E g it — sm(wd,.t)}qo

i=l i i

(4)

where x; denotes the classical mode shapes, y;,®,,,s; and @, are the modal mass, un-

damped natural frequency, relative damping and damped natural frequency
respectively, corresponding to the i” mode. We assume that 0< g, <1 (weak

damping).

4. Let p(s)=det(Ms’+Cs+K) be the characteristic polynomial for a mechanical
system.

a) Show that if p(s)=0 then p(s*)=0 (where s* is the complex conjugate of s)
b) Show that if p has a double root at s =s, (p(s,) =0) then
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P'(s,)=0, p"(s,)#0 )

Applications

5. See Exercise 1:7. The pendulum system, moving in a vertical plane, consists of a small
ball with mass m fixed with a string, of length /, to a carriage which may move,
without friction, along a horizontal line as shown in the figure below. The carriage,
with mass m_, is connected to a fixed point with a linear elastic spring, with spring
constant £ ( x = 0 corresponds to the unstressed spring). Introduce a Rayleigh damping
to the system according to

C=0.7M (6)

a. Formulate the equations of free vibrations for the system around the
equilibrium state:p =x=0, p=x=0.

b. Calculate the modal relative dampings, the un-damped natural frequencies, the
damped natural frequencies and the corresponding modes shapes for the case
m=m,=1.0kg, k =100N/m, / =1.0m, g =9.81ms™.

c. Show that the mode shapes are the same for the damped and the un-damped
(C =0) cases.

d. Assume initial conditions x(0)=0, ¢(0)=0, x(0)=0, ¢(0)=1rad/s.
Calculate the subsequent motion in the cases C=0and C=0.7M
respectively. Plot the motions in a diagram.

Use some math code (Matlab, Mathcad, Maple, ...) to solve the problem.

— m,

000204 -

vy

6. Consider the mechanical system in Exercise 2:7 consisting of two identical particle
pendulums with mass m =0.5kg and cord-length [ =2.0m (meter) connected with a
spring whose unstressed length is equal to the distance between the points of
suspension of the pendulums and with a spring-constant =k =10N/m . Now assume
that the spring has an internal viscous damping with damping constant ¢ =0.5Ns/m .
Denote by 6, and 6, the angles of inclination of the pendulums, see figure below.

a. Formulate the equations of free vibrations for the system around the
equilibrium state:6, =6, =0, 6, =6, =0.
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Is it possible to diagonalize this system using, for instance, the classical normal
modes?

7. Consider the mechanical system in the figure below. The masses move along a fixed
horizontal line and the left mass is subjected to an external harmonic force with

amplitude F; and angular frequency o . Introduce Rayleigh damping according to

C =0.006K (7)

where C and K are damping- and stiffness-matrices respectively .

a.

b.

Use the coordinates x; and x, and formulate the equations of motion for the

system.
Calculate the modal relative dampings, the un-damped natural frequencies, the
damped natural frequencies and the corresponding modes shapes for the free

vibrations (£, =0).

Calculate the forced vibration (F,=100N) for the frequencies:
o =30rad/s and o = 40rad/s respectively. Assume that we are starting from
rest, i.e x,(0) = x,(0) =0, x,(0) = x,(0) =0. Plot the position of the two masses
as a function of time.

Calculate the forced vibration ( F, =100N) for the frequency @ =30rad/s,

with the initial conditions: x,(0) =—0.1m, x,(0) = 0.1m, %,(0)=x,(0)=0. Plot
the position of the two masses as a function of time.

Use the following data in the calculations: m =1kg, £ =1000N/m . Use some math
code (Matlab, Mathcad, Maple, ...) to solve the problem.

X1 X2
K k== k
m 000000~ m
D ]

Fo sin(wt)
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8. Consider a mechanical system consisting of three wagons with masses 2m, 3m and m
respectively. The wagons are connected to each other and to the walls with springs of
stiffness 2k, 3k, 2k and k respectively, see figure below. Introduce Rayleigh damping
according to

C=0.001K ®)
where C and K are damping- and stiffness-matrices respectively

a. Use the coordinates x,, x, and x, and formulate the equations of motion for the

system.

b. Calculate the modal relative dampings, the un-damped natural frequencies, the
damped natural frequencies and the corresponding mode shapes for the free
vibrations.

c. Calculate the absolute value of the component a,, = a,,(i®) of the admittance

matrix. Plot this function in a diagram. Are there any frequencies o*
satisfying: |a11 (0" )’ =07?

Use L 10*s” and m =1kg in the calculations.
m

R e S
2k 3k 2k k

2m MWWy 3m M m

QMO (ONEO) (ONENO)
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MECHANICAL VIBRATIONS
Exercise 4: Damped Vibrations

Theory

1. An n-dimensional mechanical system, with mass-matrix Mand frequency response
function F =F(w) is subjected to an external force

P =P,;sin(wt) (1)

where P,is a constant amplitude vector and @ the angular velocity. The initial
conditions are

q(0)=q,,q(0)=q, (2)
Show that if the system is “diagonizable” with natural modes:

> SIS
T s, =—C, 0, +in,, o, =w,\1-¢}, 0<(, <1 3)

SpyeeeesS

n

then the motion of the system is given by:

q() = Z '“*’”“/; (cos(e, t)+¢w sin(a, H)(q, —F(0) +

- “ @
Yo XX M o, @, ~£0) +£0)
=1 H @y,
where
f() = Im(F(w)P, ") )
Applications

2. A particle with mass m is connected to a circular ring with four linear elastic springs.
The ring is rotating in a plane, around its symmetry axis perpendicular to the plane and
with a constant angular velocity Q. When the particle is positioned at the centre of the
ring the springs form a perpendicular cross according to the figure below. When the
particle is displaced from this position the potential energy in the spring system is
given by

v =V(xy)=7, +%mw3(x2 37 ©)
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where ¥, and w,are constants and x and y denote the displacement of the particle in
two perpendicular directions. It is presumed that the particle may only move in the
plane of the circle.

a.

b.

Formulate the equations of motion for the system using the coordinates x and y

introduced in a coordinate system rotating with the ring.
Show that if Q®# @ thenx=y=0 is an (relative) equilibrium state for the

particle.
Show that the efficient potential energy (V' =V —T,) has a minimum at the

equilibrium position if O’ <} and a maximum if Q* > @] .
Show that the equilibrium position is Dirichlet stable if Q* # o .

Assume that the particle is subjected to a viscous frictional force with the
Rayleigh dissipation function

D(%, ) = mang (x* + 3*) (M

where the damping constant ¢ <« 1.Show that the equilibrium position is now
Dirichlet stable if and only if Q* < w?.

N
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MECHANICAL VIBRATIONS
Exercise 5: Continuous systems

Theory
1. Show that the system of functions
2 . nmx
9,(x)=,/—sin(—), O0<x<L, n=0,1,... (D
L L
is orthonormal, i.e.
L .
0if nem
0.0, x)dx={ " @
5 1 if n=m

2. The vibrational motion of a bar in extension is governed by the differential equation:

au(,\ 1) o’ u(x 1)

SO 4 k(x) = m(x) , 0<x<L,t>0 3)

(EA( )

where L is the length of the bar, E is the modulus of elasticity, 4 = A(x) is the
sectional area, k =k(x)is the external force density, m = m(x)the mass density, and
by the boundary-initial conditions:

a0+ 4,220 <0, au(t,+p, 2D <o
ou(x,0) @)
w0 =), 220D iy

where o, p,,a,,p, are given constants ((a,,f,)#(0,0) and (a,,B,)+(0,0)) and
u, =u,(x) and 4, =u,(x) are given functions.

Assume that k =0 (“free vibrations™) and consider a solution on the form (“separation
of variables”)

u(x,t) = u(x)p(?) )

a) show the following conditions are necessary:

1 du(x)
m(x)d(A() ) = Aii(x) .
&i(0)+ d”‘o’— a,i(L)+ B, d”(L) -0
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where A is a constant and

d2
79D +46() =0 (7

b) Show that the differential operator (“The Sturm-Liouville operator”)

.1 4d dii(x)
Lu= ) dx (EA(x)—dx ) ¢))
is symmetric, i.e. that:
j (LA(x))D(x)m(x)dx = j (LD (x))A(x)m(x)dx (9)

for all & =u(x) and v = V(x) satisfying the boundary conditions in (6).

c) Show that if 4, and #, are solutions to (6) then

A% L= j. i, (%), (x)m(x)dx =0 (10)

Applications
(All beams below may be modelled by the Euler-Bernoulli theory)

3. A piano string is fixed at both ends. It has a length of 1.4m and a mass of 110g.
Calculate the required pre-tension 7, so that the first natural frequency will be 424

Hz.

4. A string of steel with a circular cross section is fixed at one end and attached to a
spring at the other end with a frictionless slide. See figure below! The spring constant

k =8000Nm™ . The pre-tension of the string is 7, =10.0-10*N . Calculate the mode
shapes and the natural frequencies for the string-spring system. Use the following
data: string density = p = 8000kgm™, radius » =1.0mm and length L =1.0m.

% —
k
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5. A homogeneous bar with total mass m , sectional area A4, and length L, is clamped at

both its ends. Calculate the mode shapes and natural frequencies for the system in
longitudinal vibrations.

m, 4y, L, -
3

&F&

6. (Revised ) A homogeneous cantilevered (“clamped-free”) bar of length L =5.0m and
sectional area 4=4-10"m” is made of a material with density p =8000kgm® and

modulus of elasticity £ =200GPa. The bar is initially (at time ¢=0) at rest and is
then subjected to a step loading at the “free end”

0 <0
P@)=
P t>20

where P, =10000N . Calculate the longitudinal response of the bar. Plot the response
at the mid-point of the bar (using some math code).

p,Ea Aa L
? P
——»

7. Calculate the natural frequencies and mode shapes for the first three modes of the
transverse (bending) vibrations of a beam that is clamped (fixed) at one end and
simply supported at the other. The beam length L =1.0m, sectional area

A=2.6-10"m?, sectional area moment-of-inertia 7 =4.7-10°m*. The beam is made
of a material with density p =8000kgm™ and modulus of elasticity E =200GPa .

? p,E A L 1
/%W_I

8. Calculate the three lowest natural frequencies for the system in the figure below. The
mass of the weight fixed to the end of the beam is equal to 10 kg. The beam is the
same as the one specified in the previous problem 5:7. Assume that there is no
influence from gravitational forces.
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9. The simply supported beam, with density = p, modulus of elasticity = E, length = L,
sectional area = 4 and sectional area moment-of-inertia = / (assumed to be constant),
is subjected to an external transverse force

p = p(x,t) = p(x)sin ¢ (11)

Calculate the forced “steady-state” (only consider the particulate solution, assume that
the homogeneous solution is damped out in the long run) response of the midpoint

x= £ of the beam.

a) p(x)=p, =const.
b) p(x)=Rd(x —%) .1.e. a point force P, applied at the midpoint of the beam.

Po
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MECHANICAL VIBRATIONS
Exercise 6: Continuous systems
and Approximate methods

Theory

1. Let S be a surface in R’and let f = f(r) and A = A(r) be a scalar- and tensor-field
(2™ order) respectively defined on § . Show the calculation rule:

divy(fA)= fdiv,A+ AV, f (1)
and use this to show that for a membrane
div,(T,1,) =T, 2x,n+V T, (2)
where T is the pre-tension of the membrane, 1 the unit tensor on §, «,, is the mean-

curvature and n =n(r) is the unit normal vector field on §.

2. Let
T, =e, ®e S +e,®e, S, 3)

denote the traction tensor for a thin plate. Show that

oS
div, T, = ez(aS" +—2) 4)
0 Ox Oy
3. Let
My=-M, e Qe —-Me Qe +Me Qe +M e Qe, 4)

denote the moment tensor for a thin plate. Show that

oM_ oM oM
dive My ==e (——=——) +e (—= il
° Ox Oy Oy Ox

(6)

+
=
N’
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4.

Applications

We consider a uniform rectangular membrane with mass per unit area m extending, in
its un-deformed configuration, over a domain S, in the x-y-plane defined by

So={(x,y)e]R2:0<x<a,O<y<b} (7

The boundary of §, is the “curve” T, consisting of the straight
linesx=0, x=a and y=0, y=>5 . The membrane is supported along ', and the pre-

tension of the membrane is a constant equal to 7|

a) Using membrane theory, formulate the equations of motion for the free transversal
vibrations of the membrane.
b) Formulate the boundary conditions corresponding to the membrane fixed at the

boundary I, .

c) Look for standing wave solutions and derive the necessary eigenvalue problems.
d) Calculate the eigenmodes and the corresponding eigenfrequencies.

We consider a uniform rectangular plate with mass per unit area m and thickness 4
extending, in its un-deformed configuration, over a domain S, in the x-y-plane

defined by

5, ={(x,y)eR*:0<x<a, 0<y<b} (8)

The boundary of §, is the “curve” I, consisting of the straight
linesx=0, x=a andy=0, y=5b . The plate is simply supported along I',. The

modulus of elasticity and the Poisson’s ratio of the plate material are denoted E and v
respectively.

a) Using thin plate theory, formulate the equations of motion for the free transversal
vibrations of the plate.

b) Formulate the boundary conditions corresponding to the simply supported plate.

c) Look for standing wave solutions and derive the necessary eigenvalue problems.

d) Calculate the eigenmodes (mode shapes) and the corresponding eigenfrequencies.

We consider a uniform circular plate with mass per unit area m and thickness A
extending, in its un-deformed configuration, over a domain S, in the x-y-plane

defined by

So={(x,y)eR2:x2+y2Sa2} )]
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The boundary of §, is the circle
F0={(x,y)e]R2:x2+y2=a2} (10)

The plate is clamped along I',. The modulus of elasticity and the Poisson’s ratio of
the plate material are denoted E and v respectively.

a) Using thin plate theory, formulate the equations of motion for the free
transversal vibrations of the plate.

b) Formulate the boundary conditions corresponding to the simply supported
plate.

c¢) Look for standing wave solutions and derive the necessary eigenvalue
problems.

d) Calculate the eigenmodes and the corresponding eigenfrequencies.

7. A homogeneous clamped-free bar of length L =5.0m is made of a material with
density p =8000kgm™ and modulus of elasticity E = 200GPa . Calculate the first two

eigenmodes in longitudinal vibrations using the Rayleigh-Ritz method and the two-
dimensional approximation of the displacement field:

2
R x x
ux)=—q,+| — , 0<x<L 11
(%) I q ( L) 9> (11)
where ¢, and g, are generalized coordinates. Compare these with the exact modes!

m, A, L
¥/
4 ;

8. The homogeneous cantilevered beam in the previous exercise has a bending stiffness
EI. Calculate the first two eigenfrequencies in transversal vibrations using the
Rayleigh-Ritz method and the two-dimensional approximate displacement field

W(x)z(%) ql+(%J g, 0<x<L (12)

where ¢, and g, are generalized coordinates. Compare these with the exact
frequencies!

9. A homogeneous bar with total mass m, sectional area A4 and length L is clamped at
both its ends. The modulus of elasticity of the bar material is denoted E. Calculate the
natural frequencies for the system in longitudinal vibrations using the FEA with a
two-element approximation and both a consistent-mass and a lumped-mass matrix.
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Compare the natural frequencies of these two approximations and the exact
frequencies obtained in Exercise 4:5.
E

10. The homogeneous beam in the previous exercise has the bending stiffness EI .
Calculate the natural frequencies for the system in transversal vibrations using the
FEA with first a two-element approximation and then a three-element approximation.
Compare the natural frequencies of the two approximations with the exact frequencies.

m, 4, L

NSNS

Use the data: EI =9.4-10°Nm?*, m =10kg, L =2.0m
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Exercise 3:5

Input:

mg:=1 mi=1 k:= 100
1:=1 g:=9.81
Calculations:

Mass-, stiffness- and damping-matrices:
mg+m ml 21
M:= M=( ]
m-l m-l2 ol
K;:(k 0 ) = (100 0
0 mel Lo sl

14 0.7
C:=07M C= Rayleigh damping
0.7 0.7

Undamped eigenfrequencies:

®2 = genvals(K,M)
110.763 10.524
@2 = \/ @2 =
( 8.857 ) [2.976)

og =(az), oy ={a2), . ( 297 )

2 10.524

a) Damped eigenfrequencies:

Impedance matrix:

Z(s) == M-s2 +Cs+K

Characteristicpolynomial:
) = |2(s)]

p(s) > s4 + 1.4~s3 + 120.11-*.“2 + 83.734-s + 981.00

Coefficientvector:

1= M| =1

13 =14

I, = 120.11

I) i+ 83.734

Ip=|K| Ip =981
1
0 981
I 83.734

=1 I=|120.11
I 14
I !

Roots to the characteristic equation:

~0.350000001006178 + 2.95537245420042]

A := polyroots(l) ~0.350000000282704 — 10.5185918005985i

—0.349999999717299 + 10.5185918005985%
-0.34999999899382 - 2.95537245420043i

c) Mode shapes

Classlcal mode shapes:

U= genvecs(K,M)

o[ 067 0107
“-0.739 -0.994

1
X = U_U
1,2
1
Xy = ——U
Ul,l
Modal matrix:

9.291 -1.097

%) ,
X = corresponding to w'=2.976
9.201
g w Xp = : corresponding to © =10.524
-1.097
1 1
X<1) =X X(2> =Xg X=( J



o~

Damped mode shapes: Second eigenvalue;
First eigenvalue: Az =~0.35 - 10.519i
Ay =-035 + 2,955 o= [m(hy)| o4 =10519

damped natural frequency
o4y =1m{A) @4 =2955 damped natural frequency

@o, =10.524 undamped natural frequency
g, =2976
Re(ia)|
A . = —l——- =0.033 relative dampin
G = JRe(—])l {;=0.118 relative damping &2 g &2 mping
©g 2
1
¢ 5 $:= 2(ay) s [121527 110763
s=20y) g o | 82287 - 1185ix 107" -8.857-5.947i% 107 i “\~110.763 -100.953
=2z(n -
~B.857 - 5.94Tix 107 ° 0.953 - 5,947 x 10°° :
The adjoint matrix;
. . 2+]1
M 1+1 = (= .
The adjoint matrix Q: Ql,1'= = +~'Sz,2 Qz’1 -1) SI.2
1+1
Q ,==(-1)""§, 2+1
1,1 2,2 Q = (-5 M2 242
2,1 1,2 Q=D70s, Q= D70,
142 gy 242
Q =D, Q2= 7S
-100.953 110.763
_g _o "\ 10763 -121.527
0 0.953 - 5.947ix 10° °  8.857 + 5.947ix 10
8.857+5.947ix 107 ° 82287 1.189i x 10~ &
3.64x 1076~ 6,061 x 1077 0
sQ=
= _7 0 -364% 1075 _ 60615 x 1077
¥ —364x 10 ° - 6061ix 10 0

) -364x 1075 _ 6.061ix 1077

92( ) ‘”[ o
&(:3_ . ] { 1 ] 11 \-1097 Q, \-lo97
9201 + 642 x 10~ ° Q , \9201-7.582ix 10~°

e

Comparison with the classical normal modes:
Comparison with the classical normal mode: pal es:

WEN (i)



d) Free vibrations:

0 (o
W=, Y=, Initfal data

The motion for the damped system (C=0.7M):

=Grg 1 1P (4 0 (40 p,
a0=|e 1 l‘no [JA m‘{‘”dl ‘] +Gy __(_ﬂ"i"(mdl"]],:'f Qg o

( (;>) 041 _pf \
~Gro0,1( (@ 9 ()
e w1 1@ (i ) M cofogt) + .J.w-sin{m&-q]
(x @ 2 ({2) @ {
o (D )]
e 1 o| ( I) M _,i;{mdrt) o Vo
( ')) M x"})
+='c2""0='! X T[X ) M .;1.{(032'1]
(<) -M-X"’)-ﬂoz
t:=0,0.001..20
02 p /\
?n!j
0.1 f .// - ‘
q(t) fAY u /,\ JAN
ws W W 7L\v o
—0,1. \ / U v ?l"é!;
-0z (— |
-03 ¢ P 10 . N

The motion for the undamped system (C=0)

(}
o= —(‘— eo ) -
1)) MY (|>
@ [
+—-——.{ ) ‘Mvco @ -t)
(X@)T_M_X@ B
X (0) o sinf .t) e
((X(Ib)T.M-X(l))»mol L%

x@ . (x(’) ')T-M

+((x(’))T.M-x(7’)‘mo si00,%)
2

+

0

0.4

0.2 A
a(th u
]

15

20
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Exercise 3:6
Classical normal mode shapes:

Input:
my = 0.5 U= genvecs(K, M)
1:= 20 o [0707 0707
0.707 —0.707
k=10
1
c:=0.5 x1=—1—-U<2> x1=( )
Y,z N
g=9.81 1
- Xy = L-Uﬁ) X = (
i ‘U, 1
Calculations:
. . . i ) 11
a) Mass- and stiffness- and damping-matrices: Modal matrix: x(‘) =x x@ =% x=( . 1)
{l‘ Ay
1. 2 1, 2
2 my-gl+ —ki —k1 B )
Mo mpl .0 T ) 4 4 Damped eigenfrequencies:
N 2 a 1 2 1.2
0 myl ;.k'] my-gl+ z-k~1 Impedance matrix:
g op Z(s) = Mis® + Cs + K
Cr== e
20 . 19.81 10 ) . 4 4 Characteristic polynomial:
o2 Lo 19, . .
b ol () = |2(9)|
4 3 2 LU
P(s) = 4.000000-5" + 2.0000000000000000000-s" + 79.240000000000000000-5 + 29.81000K000-5 + 292.4361000¢
b) Is the system diagonalizable? e s
’ Coefficientvector
)
o Ly [ 2453 2453 M Lo 2453 -2.453 I= M| I=4
2453 2453 2453 2453 Yesl
=20
1
Ip = 79.24
Undamped eigenfrequencies: TiLpote
Io= ¥l Ty =292.436
14.905
Q2 := genvals(K,M) a2 =( v ) I
4.90 0 292,436
) Iy 20.81
. [ﬂzzJ e ( 4905 J 2215 =1 1=| 7924
- - = \j @2 @y =
02, 14.905 ) 0= 5461 L 2
Iy 4



/3

Roots to the characteristic equation:

~0.25 + 2,20056810846654i
A = polyroots(D) ~0.24999992489505 — 2.20056833197342]

~5.17204862802922 x 107 ° - 3.86069924061546;
~2.33844638399051 x 107 ° 4 3.86069946412234;

Damped mode shapes:
First eigenvalue:

Ay =-0.25+ 2.201i

04y = Im(z,,) ®g; =2201 damped natural frequency

mol =2215
Re{A . .
Cp= ___I '{ ')’ G1=0.113 relative damping
20
1
10.125 - 1.1i 10.125 - 1.1i
S:= Z(l]) S= N .
10.125 — 11T 10.125 - 1.1i
The adjoint matrix Q:

1+1
Q ,=(-D""8 o 2+1
1.1 2,2 Q= (-1 S,

Q= (_')“2'52,1 Q ,= (")2+2'sl.1

10,125 - L.1i  -10.125 + 1.1i
=10.125 + 1.1i  10.125 - 11§

13 14

-1.429x 107 +2.463ix 10 0
sQ= 13 14
0 -1429% 107 7 +2.463ix 10~
) (¢
() £0)
Q, \1 Q. \H

%

Second eigenvalue:

A3=-5.172x 10”5 - 33615

Od2= Ilm(h)l Odp = 3.861 damped natural frequency

®@p, =3.861 undamped natural frequency

(o 18]

Gy =134x 10"
©g

relative damping
2

~10-1.931 10+ 1.93
s:= z(13) S=

10+ 1.93i -10-193i

The adjoint matrix:

— (o 2+1_
Q= (—1)'”-s2,2 Q=N ,
Q5= (—1)]+2-s2’1 Q5= (‘1)2+2'sl.1

Q= [10- 193 10— 195
“\-10-1.93 —10-1.93

-5.186x 107> — 2.658ix 107> 0

SQ=
0 -5.186% 107> — 2.658ix 10~ 5

D ] 2 1
= N =|. "
1,1 1+2.588ix 10 1,2 \1-2.588ix 10
Comparison with the classical normal modes:

()

%
[%

el
Qo



Exercise 3:7
Input:

my = 1

k:= 1000

g:= 9.81
Calculations:

Mass- and stiffness- and damping-matrices:

(V) ()

(2-1: —k) 2% 100 ~1x10°
L “1x10° 2x10°
12 -6
Ci= 0.006.K c=
% 12

b) Undamped eigenfréquencies:
Q2 := genvals(K,M)

3% 10°

1% 10°

02 1x10° 31.623
W2 = @2 = g = \/ 2 0y =

02, - 54772

Classical normal mode shapes:
U= genvecs(K,M)

uof 0707 0707
0707 -0.707

1
Xy = LU@ x) =( )
U].2 1
I S 0 -
Xy 1= U] ) U xz-(_l)

z3

/6

Modal matrix: x(’) =Xy x(» =% X= (] ! )

Damped eigenfrequencies:
Impedance matrix:

)= M2+ Cs+K
Characteristicpolynomial:

() = |Z(s)|

P(9) > s* + 24,0005 + 4108.000000-5% + 36000.000-5 + 3000000

Coefficient vector:

Iy := M| =1
Iy = 24.0
L, := 4108.0
1 = 36000.0
Tp=|K| Io=3x10°
o 3x 108
I
1 36x 10°
=1 1=
2 4108 10°
5 "24
Tg 1

Roots to the characteristic equation:
—9.00000029500415 — 54.0277730841696i

A := polyroots(I) 4 | ~5:00000029189855 + 54.0277700328371i
=3 + 31.4501524773944i
~2.99999941309731 — 31.4801494260615i

Damped mode shapes:
A3 =3 + 31.48i

@041 = Im()‘3) @qy =31.48 damped natural frequency



@ = 31.623
Re{s)| - .
= 41 =0.095 relative damping
@9
1
982 + 188.8811 -982 - 188.881i
8= 2(13) §= .
-982 - 188.881i 982 + 188.881i

The adjoint matrix Q:

2+1

1+1
Q =D"s -
1,1 2,2 QZ,]'_ 1) .sl‘2

1+2 2.2
Q=D * 51 Q=1 * S
{ 982 + 188.881i 982 + 188.881i
982 + 188.881i 982 + 188.881i

10 10

+1417ix 10 0
10

$Q 4.358x 10~
0 4358% 107 L

Q(I? ) (1) Q(z) '_ (1)
IQl 1 u Ql,z L
Comparison with the classical normal mode:

( 5=(1)

Second elgenvalue;

[ A2 =-9 + 54.028i

+1417ix 10~

Odp = I"‘("Z) 04y =54.028 damped natural frequency

%0, = 54.712 undamped natural frequency

L= M £, =0164 relative'damping
R L1}

0,

946 — 324.167i ~946 - 324.167i
8= 7z{1y) s=
-946 — 324.167i 946 — 324.167i

/7

g

1

C= 2
& [lm(?-.g)] £=0.164
Re{12)
The adjoint matrix:
141 Q, ,=n*'s
Ql)l =(-1) 'Sz,z 2,17 1,2
= (12 - 242
Q1,2 =D '52,1 Qz.z =0 'sl,l

946 - 324,167 946 + 324.167i
T\ 946 + 324.1671 946 — 324,167

Sob (—0.144 +0.017i [
N 0 —0.144 + 0.017i
Q; \i+saix? Q, \-1-suxw®

Comparison with the classical normal modes:

xf(—llj
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¢) Forced vibrations:

. i
0 0 o
%=, Y0 =1, Initial data i

Ny AL A A A

(100) Load amplitude x

o=

0 a(t,30, nA /\ Nk
4(6,40), \W\
i | (%)

GRS Load frequency

The motion for the damped system: C ka vVouvT [V VA VARV
~Creg tf (0 (O LN O RONS | . . I |
eyl T Y —(L’m{‘“drt)+C1'm—1")d}x—)—M¢*ir(%r')J-» - 04 | — |
((9) M a1 Mx® ) 0 0.5 1 15 2
o010 @} 6o %0, @ (O o M o) :
X2 T (x2) @
=, @t (2) x(?)] ) 04

@]M )

~§pog (+s) ) (LT
rog (ts su{mdl a2 s)] sin(w-s) _X'{_"#__

C,mo -t (1) (1)] o
l (1} (1)) 041 sm(md; ] b
J:

q(t,30),
T D ' —_
[[ V) ]"”dl‘ ¢ a4, °
" e
—cz @, (+5) X2 () o
+ su{mdz (t— s)] sm(ms ds- = -02
0 (x(’)) ‘M.x@)-aﬂ (
% —
0 05 1 15 2

t:=0,0.01.3



&/

d) Forced vibrations:

t:=0,0.01..3
0.1 [}
90 = (0,1 J Y0 (0) Initial data -
. (1((:0) Load amplitude . o
o= 30 Load frequency oalk
The motion for the damped system:
q(t,30);
~Crogt (1)( :)] (|>( (|)) M : ata0), °
(t, ):= +&; — —_— )| gy . ( e
q\t,0 e [ xﬁ))T W’{mdl ) o1 (])T '“(*“dl ) 99
—02
—C ‘t (z) {z) mn (‘9 '
z 0)0 x—)— cos((nd2 A% (f ) M aé.{md:.t)] (
( @) Mx? [X@') Mx? ’ -04
—Cl gt D (30 ’ | ¢
L ) & sinfogt) - v o a 05 1 L5 2
(6 aix®) o " : .
RS 2x2) (
a;u\ﬁ)dz't)
((xw) mx)og |
~&yag (£5) Oy EMU : 04
J o s"{“‘dl (t- s)] sm(m s —x—'—r'(x#—
() _M‘xm)% .
~Cyag (t-5) £ oA
J z ‘“0 ) su{mdz (t- s)] sm((o s) ds- '(X ) il ( q(t,30),
o ) Mx? ) gy o Ol
( -0.2
-04




Exercise 3:8

Input: '
m=1 k:= 10000
Calculations

a) Mass- and stiffness- and damping-matrices:

S b 10 200
Mi=| 0 3m 0 M=|030
T 001
Sk <3k 0 sxit axwt o
Ki=|=3:k Sk -2 K=t 3x10* 5x10* 2x10*
0 -2k 3k
0o -2x10* 3x10?
50 =30 0
C:= 0.001K C=|-30 s0 -20
0 -20 30

b) Undamped eigenfrequencies:

4

2741 = 10
2 := genvals(K,M) D2 =| 4256 16°
ax 10t
02y 4.256 x 103 65.24
a2:= | 02) 02 =| 9941 x 104 g = \/ﬁ g =| 165.561
200
a2 ax 10t

Classical normal mode shapes:

=0.624 -0.495 0.408
U=| 0.1 -0686 —0.408
0.775 -0.533 0.816
1O !
U. = 1.383
1.074

U= genvecs(K,M)

1
xg = ——0fP % =| -0.161
1,1 ~1.241
1
1
XS = T U(a) X3 o
1,3

b) Damped eigenfrequencies:

Impedance matrix:

Z(s) = M‘s2 +Cs+K
Characteristicpolynomial:

p(s) = |2(s)|

D) - 65° + 430.000.5° + 438300.000000-s* + 16628000.000000000-5 + §384000000.000000.52 +

Coefficient vector; .
84000000000.000-s + 28000000000000

Ig:= |M| Ig=6

I5 =430

14 := 438300

I3 := 16628000
1, ;= 8384000000.000000

1, == 84000000000.000

I= x| Ip=28x 10"
(1 (o
Y 28x 10"
5
84x 10"
L ,
. 8384 10
| . )
I 1663 10
IS 4383 x 105
430
Ts)
6 )

£y



Roots to the characteristic equation: ]
~20.0000008676844 + 198.997494420147i
—19.9999965190587 - 198.997493404432i
—13.7051889461608 — 164.99253166617i

A := polyroots()

A=
~13.7051836703884 + 164.992530456527i
—2.12814833772925 + 65.205579976802j
~2.12814832564526 — 65.205579791875i
b) Damped mode shapes:
First elgenvalue;
A= 15 A =-2.128 + 65.206i
04 = Im(A) @4 =65206 damped natural frequency
1 1
a)ol =65.24
= M g1 =0.033 relative damping
9
1
s:= z(A)
4 . 3 4 . 3 '
414x 10" + 2.705ix 10° ~2.994 % 10" ~ 1._9561 x 10 0

S=[2994x 10"~ 19561 x 10> 3715x 10% 4 24281 107 1996 x 10 - 13045 x 10°
0 -1.996x 10* — 1304 x 10° 2,569 % 10* 4+ 1:6701 x 107

The adjoint matrix Q:

o (_1)“1( 225557 5,55 ) Q= (_1)2”( 12553 ‘51,3'53,2)
Qo= D', 185,378,5°5 )) Q,,= (- l)m( 1,053,3751,38 )
Q3= (05, 15 -8, 4, ) Q3= DS, 15, -8, 55, )

‘(1)3“(12523 S,35,2)

2 O (s 1555, 181 )

—(1)3“3( $5,2781.25,))

-2

5537 10° + 7268 x 107 7.657x 108+ 10051 x 10° 5949 10° + 7.808i x 107
Q= 7.657x 10* + 1.005ix 10° 1.059% 167+ 1300 x 10° 8.227% 10% & 1.08i x 10°

5.949x 10%+ 7.808i x 107 8227 108+ 108 x 165 6391 10° 4 83801 107

Sy i () ! ‘ |
§—~= 1.383 L 138 9 o | 3488
L1 1074 %, 1.074 Q3 L9

Comparison with the classical normal mode:

x) =[ 1.383
1.074

Second eigenvalue:

A=123 A =-13.705 - 164.993i

ag =1mlA) o d,=-164993  damped natural frequency

2

©g =165.561
0y
= IR A) £2=0.083 relative damping
g
s:=2(1)
3 . 4 5 3
—4.755x 10" + 7953891 -2.959x 10" + 4.95i x 10 [1]

S=[-2959x 10* + 4951 x 10° 3.179x 10% + 53181 107 1973 10° + 3.3ix 10°
0 -1973x 10% +33ix 107 2.554% 107 - 4272681

The adjoint matrix Q:

s 1)1+1( 2,2%,375,5°53 ) 1= ')M( 1,273,375 378 5)

1+2 ( S

242
12‘(1) 2,1°3,3 s2,3'53,1) Q 2= D (

'S3,375) 3785 )

Q gi= G 1)1+3( 2, 153 2 sz,z'sa,l) Q ])ZH( '53,2'81,2'53,1)

26



EF

=) -s

3+1(l2 2,3

1.3'52,2)
Q5= (_1)3+2'(Sl,1'52,3 B S2,1'51,3)

Q _( 1)3+3(

sz 2 Sl,z'sz,l)

~4571x 108 + 15741 x 16° 7346 107 —2.528ix 107 5.673x 10° - 1.953i x 10°
Q=| 7.346x 10"~ 25281 x 107 -1.18x 107 + 4.063ix 105 -9.117x 107 + 3.138i x 107

5673% 105~ 1.953ix 10° —0.117x 107 + 3.138ix 107 <7.041 x 10° + 24231 x 10°

o ' » !

1

Q| o161-9050ix 1078 Q| oa14112ix107

Q - 1,2 6
~1.241 + 1.055i x 10 ~1.241 + 1.67i x 10

® i

Q i -7

=— =| ~0.161 + 1.12i x 10

Q4 -
~1.241 - 2.21i x 10

Comparison with the classical normal modes:

1
¥y =| —0.161
-1.241

Third eigenvalue:

A=y A =-20 + 198.997i

g, = tm(A) 04, =198.997

©q_ =200
A
JSRNE Y| R
m03

damped natural frequency
!

relative damping

s:=2(A)
—294% 10"~ 5971 x 10° 294 10* = 5.97i x 10° 0
S=|_2.94x 10* - 5971 x 10> —6.86 x 10% — 1.303i x 10% —1.96 x 16° ~ 3.981 x 10°
0 -196% 10 —3.98ix 10° -9.8x 10° - 1.99i x 10°
The adjoint matrix Q:
— 1+1 . 2+1
A ( 2,253,3 S2,3‘53,2) =N ( 1,.253,3 51,3'53,2)
1+2 2+2
=D ( 2,153,3 52,3'53,1) =0 ( 1,153,3 Sl,a'sz,l)
1+3 243
Q =60 ( 2,153, S2,2'53,1) =D ( 1, 1‘33,2'51,2'53,1)
341
Q=01 ( 1,252,3 S1,3'32,2)
342 :
= DTS, 8, =8, 1513
343 N
Q =D ( 1.152,2 S1,2'52.1)

2.762x 10° + 1.17i x 10°
Q=| 2762 10° - 1.17i x 10°

5.525x 108+ 2.34i x 10°

o !
1
Q.. -1 -5054ix 10
Ql_I .
2+ 1.444i x 10
o '
3
Q|4 +1.444ix 10
Q3 . .
2 -8.303ix 10

8

7

8

8

2762x 10° ~ 117 x 10° 5.525x 108 + 2.34i x 108

2,762 x 10s + 117 x 108 —5.525x ]08 —-234ix 10

8

—5.525% 105 = 2341 x 10° 1.105x 10° + 4.68i x 10°

o !
[l

=| -1+ 144dix 1078
Q5

24 L4ddix 108

Comparison with the classical normal modes:

%3 =| -1
2

28



pyi= xlT-M-xl Ky =8.892
T
12 =Xy -Mexy M2 =3.618
T
H3:= %37 Mxg H=9
(v ) (P
X = X7 = Xy X = X3
@ P5e 1 0.033
®0= Too ©g = 1.656 X=|1383 —0.161 -1 0.083 -
2 1.074 -1241 2 0.1
8.892
u=|3.618
9
Frequency response function:
3 0 [,V
- AX
ety x06E)
® 2—m2+i-2{ g |y
k=1 (ok) 13 ok
1
s=(0 Fu(a)) = sT-F{u))vs
0
® := 0,0.00001..2.5
0.5 T
045 | —— =
04 /fr=—— |
0,3 5| [y eis
O3 s i
3
10 [Fy4(@)] 025 1
02—
0.15|]==——== "=t
| / |
01| 74 \ I
005 fmme et — \/’/\
\
00 0.5 1 1.5 2 25

34

2.51

1.88

126

0.63

arg(F11(0)) o

—0.63

-1.26

~1.88

2,51

—3.14

05

2.5
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Exercise 5:4 (Mathcad document)

INPUT:
Ty:= 10-104
k:= 8000

p = 8000

L:=10

r=1010"3

CALCULATIONS:

A= q.r
mg = p-A my = 0.025

z:=0,0.001..10

150

50 |
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Tyz
tan(z) + — =0
(z) =

z = Find(z)

2=162 L o157 @i @=3232x 10°
2L

Z2:=35
Given

Tyz
tan(z) + — =0
(z) ey

z = Find(2)

‘I‘u-z q

z=4.729 3'—21‘1—, =412 ©= ®=9.434x 10

z:=8
Given

Tyz
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Exercise 5:6 (Mathcad document)
INPUT:

E:= 200-10°

p = 8000
L:=50
A=210 4

Py = 100000

CALCULATIONS:

ci= [— <:=5><103

P, gP..LL N 10D
u(x,t) := —0~x— 4 z -1 {(2] 1)-n. xj] m:{(" = 1) ]
BA RPeaAlT @i-n?

t:=0,0.00001..0.05
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—,t| 0.005
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Exercise 5:7 (Mathcad document)

INPUT:
p = 8000
E:= 200.10°

L:=10

A= 2610">

I= 47106

CALCULATIONS:

mi=p-A m=208

Eigenfrequencies
z:=2
Given

tan(z) — tanh(z) = 0

z := Find(z)
2
2=3.927 G2k ) e 0= 1) JEL o samex10®
4 . L/ ym
z
== =3.927
M1=7 91
z:=5
Given

tan(z) — tanh(z) = 0

2 := Find(z)
@2+ 1w z\? [ET 4
2=7.069 B2 )T _ 5060 o=[2}.[=  o=-1062x10*
4 L m
=2 =17.069
) L Mo =7

z:=8

Given

tan(z) - tanh(z) = 0

z:= Find(z)

z=10.21

h =]

w

[l}
[l

Modeshapes

W(X, }1) = sin(p.x) =

x:=0,0.001-L..L

2 =
04'%1)_'1‘:10.21 0= (1) L |ET

py =10.21

sin{;l-L) - sinh(;.bL]

co@[p-l..) -cmhtu-l.]

~cos(p-x) - §inh(p'x) +

sin(u-l.} = sinh(p-L]
-L) = coshlp-L,

28

0 =2216x 10°

-cosh(wx)
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0.8 1
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Exercise 5:8 (Mathcad document)

INPUT:
p = 8000

E:= 200-10°

L:=10

A=2610°

I=4710"¢
Q=10

CALCULATIONS:

m:= p-A m=20.8

Eigenfrequencies
z:=2
Given

1 + cos(2)-cosh(2) + k-z-(cos(z)-sinh(z) — sin(z)-cosh(2)) = 0

z := Find(z).
2
z EI
2=1429 o= (i) . : o = 434313
z:=4
Given

1 + cos(z)-cosh(z) + k-z-(cos(z)-sinh(z) - sin(z)-cosh(z)) = 0
z = Find(z)

2
z=4117 0= (1) B o os603x 10
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Exercise 6.10

Input:

m:= 10

Ei:= 9.4.10°

L:=20

CALCULATIONS:
m

mg =

Twa element model:

N:i=2 ]

_L
TN

Localization operators:

100000
010000
IL =
" loo1000
000100
1
2 1
3 2
IL,. =
LY 3
5 4
&
Element mass matiix:
156 221,

2
myly | 22, 4l

€

134, -341,.2

©T 420 | s+ 134,

Mass density
001000
000100
IL, =
27 l00001to0
000001
1
2 3
wt? 4
214 s
5 6
6
4 =13,
2 1.857 0262 0.643 -0.155
130, -3,
0262 0.048 0.155 -0.036
156 -2, ¢ 0643 0155 1857 0262
<2, ,,_,e2 ~0.155 —0.036 -0.262 0.048

25

Element stiffness matrix:

12 61, -I12

2 2
gr | 6e 41 61, 2]

]2 Sl 12

€

61,

e
-6,

61, 21,7 =61, 212

Structure mass malrix assembly:

N
UEDS !I,iT-Me-ILi

1128 % 10

5,64 10°

364 10

6

376 % 10°

“1128% 107 -5.64 % 10°

1.857

0262
0.643
"] -0.155 -0.036

564 10°

0.262
0.048
0.155

0

0 -0155

1.88 % 16°

0.643
0.155
3714
0
0.643

—0.155
-0.036
0
0.095
0.155
-0.036

—1128% 107 5.64% 10°

-s.64x10° 188 10°

1L128% 107 -5.64 % 10

5645 10° 376 10°

0 Q
0 0
0.643 -0.155
0.155 —0.036
1.857 —0.262
-0.262 0.048

Structural mass matrix, (Invoking boundary conditions, l.e. deleting appropriate rows and

columns):

3n4 o
M=
( 0 0.095)

Structure stifness matrix assembly:

1.128x 10" 5.64x 10°

564 105 376x 10°

~1.128x 107 —5.64x 10°

K=

s64x10°" 1.88x 10°

0 0

0 0

k=% Tk I
i e

N

i=1

-1.128x 107 5.64x 10°

~5.64x10° 188 x 10°

2256 10

“1128x 107 —5.64 x 10

7

5.64 x 106

0 0
0 0

0 “1.128x 107 5.64x 10°

752x 10° —564x10° 1.88x 10°

¢ 1128x 107 —s.64x 105

1.88 x 10°

=5.64 % 106 3.76 x 106

Structural mass matrix, (invoking boundary conditions, I.e deleling appropriate rows and

columns):

2



2256x 107 0

0 7.52x 106

Flnite slement eigenvalues:

Q2 := genvals(K, M)

“Exacl® eigenvalues:

Sﬂﬂjﬁv-i— =2425x ]03 3803.1 —&—— =6.685x 103
4 4
mg-L mg-L

(
Three element model:
L
N:i=3 Ig=—
¢ N
Localizalion operators:
10000000
01000000
( lL1 =

00100000
00010000

00001000
{ 00000100
IL, =
37100000010
00000001
1
2
3 1
4 2
Tt s =15 IL,
6 4
7
8

0=

6.074 x 106

7916x 107

0010000
0001000
0000100
00060010

00 =1 O oW B W R e

246461 x 10°
Jaz =

0 N N

8.89707 x 10°

EF

Element mass matrix:

156 22|

2
_ mgel, | 220, 4l

T a0 | s 3,

2
134, =31

Element stiffness matrix:

12 61, -2

2
E 61, 4, =6,

2|12 -6 n

K=

2
6l 21,% 611,

N
= Ty,
Structure mass matrix assembly: M:= Z ILi 'Me TL;

1238 0.116 0429
0.116 0.014 0.069
0429 0.069 2476
-0.069 —0.011 -0

0 0 0.429
0 0 -0.069
0 0 0

0 0 0

Structural mass matrix, (invoking bounda

columns):

2476 0

4 13,
2 1238 016 0429 -0.069
13, -3,
| 0116 0014 0069 -o0n
ne “El, © | 0420 0069 1238 -0.11¢
221, 4_|¢2 —0.069 -0.011 -0.116 0.014
61
. 3807x 107 1269x 107 -3.807x 107 1269x 10
2 o
24, k. 1269% 10" 564x10° —1269% 107 2.82x 10°
=il -3.807x 10" -1269% 107 3807 107 —1.269x 107
)
4, 1260x 10" 282105 _1269% 107 564 106
i=1
0065 0 o o o
oo 0 o o ¢
0 042 006 0 o
0028 0069 0011 o0 o
0060 2476 0 0420 —0.069
0011 0 0028 0069 -0.011

0 0429 0069 1238 —0.116
0 —0.069 -0.011 -0.116 0.014

0.429 -0.069

0 0.028 0.069 -0.011

M=

0428 G069 2476 .

-0.069 -0.011 0

Struclure mass matrix assembly:

0
0.028

i=1

N
k=3 rLiT KT

ry conditions, i.e. deleling appropriate rows and

28



27

(3.807x 107 1269x 107 -3807x 107 1269 107 0 0 0 0
1269107 564x 10° ~1269% 107 2.82x 10 0 0 0 0
-3.807x 107 -1269x 107 7.614x 10" 0 -3.807x 107 1.269x 107 0 o
| 1209% 107 2.82x10° 0 1.128x 107 —1.269x 107 282 10° 0 0
0 0 -3.807x 107 ~1.269x 10" 7.614x 107 0 -3.807x 107 1269 107
0 0 1269x 107 282x10° - o 1128x 10" —1269x 107 2.82x 168
¢ 0 0 ) 0 -3.807x 10" -1269x 107 35807 10° ~1269x 107
L o 0 ) 0 1269x 107 282x10° —1269x 107 564 10°

( Structural mass matrix, (Invoking boundary conditions, i.e deleting appropriate rows and
columns):

76145 107 0 -3807% 10" 1.269x 107
0 1128x 107 —1269% 107 2.82x 10°
K
-3.807% 107 1269 107 7.614x 107 0
1269% 107 2.82 x 10° 0 1128 10

Finite element eigenvalues:

1.037x 10° 322071 « 10*
8 4
2.503 % 10 1.58217 % 10
Q2 3= genvals(K, M) ®- Jaz - "
( 4651 107 6.82019 % 107
5927 10° 243459 % 107

: "Exact" elgenvalues:

El

1
=2425x 10° 38031 —2 6685 x 107
4 4
mo-l. my L
14620.— 2 _ 3311 % 10% 39948 —2_ _ 5 166 x 10°
4 4
my-L myL

#

500.55-




