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Belastningsfall, a+ P = 7 d =vinkeliindrirr}, öG = x/l) =försl$unring

^,2
0(1<a) = ht

o13
öG<a)={hef+ttt2(r-1.;lt

_-2
o(t>a) = lLtnt-((-a)2). zEI'-

o13
å(1>a) = fottt-o7'-t8211 -a1 +z92)

n'2 ^ Pt3 ^to@ = ?up" afc; = -Lzer7

eC."t = #f
, .,2

ö((<a) = #po -t- f /z)

o(4>a) = Yo-11' EI''

åG>a) = Sue -a'-zB(-a)+ /)2)

er"t = #f ato = $p2

,'r 12

0G) = rErQ-{)

å@ = #jco -+q*tS

^-2
o@ = {z,lt-cot

ar<> = #c'*!r*0,

era = *r<a -+13 +27TZEI'-
1

6@ = #ie{ *'5(o - 15(+ 11)
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Belastningsfall, (a+ l3 = 11

32.2 Elementarfall för fritt DAIK

d = vinkei?indrinl, öG = x/I) = förskjutning

Ro=BP i Rn=aP

or2 PIz ^ .,oo= [[ia\(+0) ; on= i-oaB(t+a)

6G) = #il(t - p')1-831 för (<a

Pl3 z.z
olo-) = ;;14 P

a r,t

RA =.RB = M/l

5

eo = ffio-zfz) : ou -- ffiQ-zoz)
,r12

öc) = XErc -zp'tt-tu) för c<a

arot = S"B1a- F) ; es1 = ffio-zot

Ro= Ru= Q/2

^-2UT

"A-"8-z4EI

öc) = #ErG-243 
*ia)

"r1\ 5 Qf
"\2) 384 EI

Ro=Q/3 ;Rt=2Q/3

^ iol2 ^ 8QI2
"A - tgoql -u l\oEI

a<a = Sirtl-t013+:(5)

Re=Rr=(MA-M)/I
M ^1. M nl ^ Mol Mal

oo= rnl* 6EI " 
ua= oet"Ta

ac> = htu oe( -3c2 * (1 * u"td - 1:

Mt = Ms= M:0e= r r= #;
Mf ," '2,
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(() .? I/.") 1

E e ]
J. 'J I'

Figui 23.1, Definition av brottmekaniska modus

23"3 J.INTEGRALEN

Figur 23'2 Definitioner av storheter för: J-integraren

Fö r två-dimensionella 
spri,

"n 'p,i.k,;;;;'i;;ör:f::il1'1em 
definieras en intesrar ,rtagen rängs en väg .r nrnr

t = f(a,ay_o,,,,!4,\*\ ' - 
't 

't A*'"" .)I _." / (23.1)

dtk A' = foude,, ilrdefornationsa"h-r^r _-
För ho?nogena, 

"rur,iroltlTTbetet 
per volvmsenhet.

egenskapen - -' -'*urro^a material dit A' = w' är en töjningsenergifunktion 
med

Formel sa mting i h å lt fasthets lä ra
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6,, = !il'" dt,,

. dn n=7 för kantspricka och n=2 för i*e spricka med symmetriska förhållanden, r åirkoppens tjocklek och a iir spricklängden.

23.4 HNJÄHT ELASTISK BROTTMEKANISK TEORI
r den lit{ärt elastiska brottmekaniken antas stmkluren kunna beskrivas med enbart rinjiirisotrop elastisk teori. Tillståndet vid en sprickspets beskivs då entydigt u, ,panrirgrn-tensitetsfaktorerna K1, Ift1och K1i1 definierade enligt (n.a)-e3.6).

Kr = lim o,,(x,U,Enx. x+t. !\ , -',-'J^ (23.4)

Krr = lim r,,,(x,O)JInx
xs+o .., . (23.5)

Kr,, = ii* r,,(x,UJIix
x+ to ,.. (23.6)

Figur 23.9 Koordinater vid sprickspets

23.4.1 Asymptotiska lösn in gar vid spriekspetsen
sp_änningar och förskjutningar i sprickspetsens nåirhet kan skrivas enligt (23.7) - (23.12)Hiirvid iir rc definierat enligt

(23.2)

?ir -I oberoende av vägen ?-

För sådana material gälIer mecl potentiella energin U enligt (7. i 1)

. lAu
rzt da (23.3)

3-4v plan deformation
(3 -v)/(1 + v) plan spänning

vädet hos spiinningsintensitetsfaktorema K1, K11 och Kt11 beror av det akfuella randviir_desproblemet en[i gt avsnitt 23.4.3.

HåilfasthetsläraKTH
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Modus I

,. = h@,f(r -,i,f ,- T))* ",,,+ 
or^,n)

,, = #,(*.f(r *.i"!,i"3j)).o{,t
Kt( e.0 3d\ ^.r.t-t = 

,Fz*lostslnzcosz )+u\Jr)
'trr='tr'=0

o
vo.+ o,,

0

plan deformation

plan spänning

(23.7)

(23.8)

(23.9)

(I + v\I(' 
-r, = \!i.J)\J-zn,(tz*-t1"",0r_ cosf)+ otrl

, = 
" ;:]u'-^,(rzn * tt,inl- ,i"f;)* or,l

o

-älr-+ or)ctz

plan deformation

plan spänning

0

Modus II

'. = '#,('^\rQ.'o'f '"'f;)* ot"6l

Kt(.0 P 3d\ ^.r.o, = 
72*\s'nrcosrcosz )- u(Jr)

,, = ff!,'er(t-'*ou,i"3j). 
o,^n,

'cr.=Trr=0

v(o"+ or)

0

plan deformation

plan spänning

Fo rm e I s a m I i n g i h ål ll asth etsl ära
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(23.1.0)

(7 + v)K,,Jlirr, = #::::l{z rc + zl sinQ, + sin f;) + of ,)

(7 + v)K,,J2nrr
v = \' -' )l:rrN " tLt 

(fz" _ zl"or?rn.orf) o of rl

lV=
0

-![@,+ o,)az

plan deformation

plan spänning

Modus III

Lt=v=0

K,,, At,- = -;-sini+O(*/r)
J lllr L

,,,, = $"os9+ ot."4l
4 l'Trr L

6, = 6y = Oz = Txy = 0

Z(1+ v)I(,,, 
- 

0
'y = - '_______l Jznr sini+ o1r3/21

(23.11)

(23.12)

K1= @r)*Jrco"

Ku = kr,)*Jiå

Ks = (rr)^Jiå

2e.4.2 Kr, Krroeh K;11för lång spricka i helrymd
Ett intressant resurtat iir spännintensitetsfaktorer för en spricka av 1ängd 2a i en oändrlg
solid utsatt för ett homogent avlägset spänningstillstånd (o,;)_

(orr)*

(o **) -

(trr)_

(r,. )*

Figur 23.4 Spänningsintensitetsfaktorer för spricka i helrymd

Hållfas,thetsläraKTH
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FIGUR-E 2.34 Crack tip plastic zone shaDes esti-mated trom the elastic solutions (Tables 2.1 andt,5) and. the von Mises yield criterion.
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(c) Mode III

Note the significant difference in the size and s
plane stress and plane strain. The latter condition suppresses yielding, resulting in asmaller plastic zone for a given K1 value.

Equations (2.85a) and (2.g5b) are nor srricrl y correct because they are based on apurely elastic analysis. Recall Fig.2.29, t;thich schematically illustrates how crack tipplasticity causes stress redistribution, which is not taken into account inFig,2.34. The -Irwin plasticity correction, which accounts for stress redistribution by means of an effec_tive crack length, is also simplistic and not totally correct.
Figure 2.35 compares the plane strain plastic zone shape predicted from Eq. (2.95bwith a detailed elastic-plastic crack tip stress soluti on obtained from finite element analy-sis. The latter, which was published by Dodds, er. al. [27], assumed al with thefollowing uniaxial stress-s train relationship:

)

lr,

:;:

: no_+
(2.86)oo

where €o, oo, a, and n are ts. We wi ine the above relationshipin more detail in Chapter 3; for is sufficient to n ote that the exponent, n, charac-
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o Chapter 2

singularity dominated zone is destroyed, and K no longer characterizes crack tip condi-

tions. Thus the plastic zone must be embedded within the singularity dominated zone' In

generai, the singularily zone is small relative to in-plane length scales in the structure

(see Example 2.6).

CRITICAL
KI

Ktc

Plane Stress

THICKhIESS

FIGURE 2,43 Effect of specimen thickness on Mode tr fracture toughness'

Plane Strain

ffiqe*.-

#

Plastic Zone

I

I

I

1,

I

I

l

'l

lr.

I

li

il

tir

Estimate the relative size of the singularity dominated zone ahead of a through crack in an infinite

plate subject to remote uniaxial tension (Fig. 2.3). The full solution for the stresses on the crack

plane (9=0) for this geometry are as follows (see Appendix 2 3'2):

where o is the remotely applied tensile stress. A1so, estimate the value of .K/ where the plane

strain plastic zone engulfs the singularity dominated zone.

Solution: As r-+0 both ofthe uiou.."lution.hips reduce to the expected result:

.1.ar + r'

da+r)

2ar + 12

6ll'

o

EXAMPLE 2.7

da+r)

T


