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= Tabell 32.2 Elementarfall for fritt upplaga paik

Belastningsfall, a+ f = 1 - 0 = vinkeldndring, §(¢ = x/1) = forskjutning | . .
Belastningsfall, (a+ f=1) f = vinkelandring, 6(¢ = x/1) = forskjutning
2
0t <a) = 2L g 1. R, = BP ; Ry = aP
2E] ol P A
P PE. 5 .o : i o _ PP o PP
al Bl 5(f<a)=@(_ﬁ +385(1 &) | 8 A=6—Elaﬁ(1+'3) 7 Op = gpob(i+a)
A B
I " S Ty 3._
, Y N o(E>a) = f_g(/f_(g_m TR TG I 5&) = BEpI-fHE-E for E<a
6’(4‘D7—&>"/, N 3 ¢l R Pe 22
e e A 5(&>a) = TL((E-ay’ -3¢~ )+ 367 fa ’ oy
gl GET
2 ' 3 2.
0a) = %ﬁz 5@y = ?‘%f ,- . R, =Ry = M/I
: M ' g, = MLy _3p7y g, = M 3dd
Ry 5 AT 6EI 5~ 6EI
o¢<a) = Mg Gy
EI Xl 0(0) g M2 2 3 "
P AL, N BE_p 5(8) = gg((1-387¢-¢)  for L<o
al Al 8(&<a) = TP -E~f/2) - | i .
R 50y = MLapta-p) ; 6(a) = 5130
R N 6¢>a) = Mg &l - Ry 3E 3E1
a=>—"_ R
o(& N M 3 R,=Rg= 0/2
. 06>a) = For((€=a)' - 26(¢ ~a) + ) 0 s or
2 i - ' 90 = 95 = 5477
o) = 56 5oy = BLp l l U U l l s
Al -t LB or 3,4
) T 6, lé(é)_ GR P I (&) = 2—45(5—26 +&)
fe———— 3
1 N 2 &l n_ 5 .ef
1 J_S 0(¢) = %(1_53) Ry Rg 5(2) 384 ET
(&) "3(8) N or .4 4
a o) = ggg(¢ ~48+3) 0 R, =0Q/3 ; Ry =20/3
1 ‘ P (] sol’
A== = o= B A= 15087 ' P T T80EI
=sull E . L T8 § 00 e T or .
; _ ) 4 — S(E) = = (TE- 108 +38)
e 0 = - g . o
0E). = 3 X of s ] )
I&—1> . 5(6):@(6 —56+4) RA=RB=(MA_M[7)/I
3 Mgl Mgl ML Ml
0 ' Rp O = 357" %E1 ° "B 7 §E1 " 3E
% - le . 5 M G AT P 2 .
= v [ N () = 155508 48 +3) ( A B ?5(5) o i) 8(8) = gpIM,(26-3¢ +EV+ Mg(E-L
o) 5 N : ' VI / 3
T ® \ 8(&) = %(—55#554—15@11) i _ M5 My = Mp= M6, =0 = 557
¢l 2
R Ml 2
A 6(&) = m(i—i )




BROTTMEKANIK

Modus

Forskiut-
nings-
diskontinuiter

|

Vidgande i Glidande Glidande tviirg
Xy-planet

xy-planet xy-planet

Figus 23.1 Definition av brottmekaniska modus

23.3 JINTEGRALEN

Figur 23.2 Definitioner ay storheter for: J-integralen

For tvd-dimensionel]a sprickproblem definieras en integral J tagen lings en vég I' runt
en sprickspets (figur 23.2) enligt ' .

B |

, iy -

B J(A dy ~o"l-jnjads) (23.1) )

r

didr A" = Oydey; Hr deformationsarbetet ber volymsenhet.
For homogena, elastiska materia] didr A7

=W d4ren téjningsenergifunktion med
egenskapen

Formelsam//hg I héllfasthetsidra
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aw’
Oy = = (23.2)
Vo oey
dr J oberoende av vigen I,
For sddana material géller med potentiella energin U enligt (7.1 1)
19U
= (23.3)

dér n=1 for kantspricka och n=2 fér inre spricka med symmetriska frhallanden, £ 4c
kroppens tjocklek och a &r sprickldngden.

23.4 LINJART ELASTISK BROTTMEKANISK TEORI

Lden linjért elastiska brottmekaniken antas strukturen knnna beskrivas med enbatt linjdr
isotrop elastisk teori. Tillstdndet vid en sprickspets beskrivs da entydigt av spénningsin-
fensitetsfaktorerna Ky, Ky och Ky definierade enli 8t (23.4)-(23.6),

K; = lim o,(x, 0)/2mx (23.4)
x—=+0
K = lim T (%, 0)/21x (23.5)
x—=+0
Ky = lim 7, (x, 0)/2nx (23.6)
x—=>+0 :

Figur 23.3 Koordinater vid sprickspets

23.4.1 Asymptotiska I6sningar vid sprickspetsen

Spénningar och forskjutningar i sprickspetsens nirhet kan skrivas enligt (23.7) - (23.12).
Hirvid &ir «c definierat enligt

{ 3—4v plan deformation
B=v)/(1+) plan spinning

Vérdet hos spinningsintensitetsfaktorerna K7, Kyp och Kyyp beror av det aktuella randvi-
desproblemet enligt avsnitt 23.4.3,

HéllfasthetsldrakK TH
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Modus I
G, = cos— —-sinZsin 7= ||+ G + O(/r)
WJ21r 22 iy

_ I N 0. 30
gy, = m(co (1 s1n251n 2D+ 0(Jr)
K

Tyy = o Cos2sm§cos—)+ 0o(Jr) (23.7)
Ty =T, =0

Vo, + 0, plan deformation
e = { 0 plan spinning

1 +v)K
i = ( ) ~— 1 hr F((ZK 1)cos§—cos379)+ O(r)
1+ VK
E-T)I 2nr((21c+ l)smg— 51113—9) O(r)
. (23.8)
0 plan deformation
w = v . ——
7 (0, +0,)dz plan spénning
Modus IT
i K
O, = — I (sing(2+ cosgcos?’—g))+ (/1)
2\ 2 2 2
Kny(. 0 0 36
g, = Zm(smicosicos?)TO(ﬁ)
Ky 6(, . 0. 38 © (239
Ty = zm(cosi@-smism?))+ 0o(J/r)
Tye = Ty, = 0
_ {V(Gx +a,) plan deformation
‘ 0 plan spénning
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Modus II forts

I (1 + v)K; -/ 27cr
U= — 411:;_j;—-—((21c+3)sin§+ sin32—9)+ O(r)

(1+ ")R—Hw/ﬁ.;‘ g 30
V= -—Lta;—-—((ZK—3)cosi + c057)+ 0(r)

(23.10)
0 plan deformation
W=
—%J-(O'X +0,)dz plan spinning
Modus ITI
K 6
Ty = — sin= + O(J/r
X A/Q‘_Tc—r 2 ( )
Ky g ' @3.11)
T,, = —==c0s7 + O(./r)
7 Jomr 2
o‘X=o‘y=GZ:rW:0
2(1 + WK,
Vo= -(—H%mA/ansing+O(r3/2)
) (23.12)
u=v =0

23.4.2 K, Kjj och Ky, f6r lang spricka i helrymd

Ett intressant resultat &r spannintensitetsfaktorer [or en spricka av lingd 2a i en odndlig
solid utsatt for ett homogent avlzigset spiuningstillstind (a;;)

(ny ) o0
—— 'SQJZ’L_'__ > (o, —

— K[ E (O' )N’\/ﬂ:—a
(5. vy
P fi_j_;_: (Gxx)m KH = (Tyx)"“'\/al
B B i(—-l—-
qﬂb ('L' )
B2 Kt = (1)) N1a
_,/"'
!/'/

Figur 23.4 Spénningsintensitetsfaktorer for spricka [ helrymd

\ HallfasthetslérakKTH
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| :C\?EZMNMB/Z U‘f_le{'zc)olv[r-bq m =z q - 14

Kantspricka i strimla utsatt for enaxlig dragning % = 2‘ }Z .
LLLLLL) M

K} = gg/na fs(%—) i -

A5 = Cmss) “(ez2)”

: L
752 + 2(z)+, (_'M)) 1_]
(O 752 +2,0 7 0,37 1 stW -

H.TADA, pC. PARIS, G R. IRWIN,
The Stress Analysis of Cracks Handbook,

Del Research Corp, 1973. 1 , I—[Tr
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(a) Mode I (b) Mode II
2 e j :
ry ;—m,‘--—- — :
1.5 E 5 “\\\ L
1 Klll]:E 1F / \‘\\ FIGURE 2.34 Crack tip plastic zone shapes esti- i)
n|Cys F ;‘( \ mated from the elastic solutions (Tables 2.1 and
05F / \\ 2.3) and the von Mises yield criterion, .
- .j | R
it 0.5F ‘\\. / A gl{/x . l &
TR q il
N & %?ﬂ (A |
1.5F T
. . .
w

2" (©) Mode II Q,Qa-'a h b = ;@'63(;) L
Gna (I3 “

2
“Men Q\"i
Note the significant difference in the size and shape of the Mode [ plastic zones for
plane stress and plane strain. The latter condition suppresses yielding, resulting in a }
smaller plastic zone for a given Ky value, g »
Equations (2.85a) and (2.85b) are not strictly correct because they are based on a
purely elastic analysis. Recall Fig. 2.29, which schematically illustrates how crack tip
plasticity causes stress redistribution, which is not taken into account in Fig. 2.34. The _
Irwin plasticity correction, which accounts for stress redistribution by means of an effec-
tive crack length, is also simplistic and not totally correct. g
Figure 2.35 compares the plane strain plastic zone shape predicted from Eq. (2.85b) .
with a detailed elastic-plastic crack tip stress solution obtained from finite element analy-
sis. The latter, which was published by Dodds, et al. [27], assumed a_material with the
following uniaxial stress-strain relationship:

(2.86)

constants. We wil\exgnine the above relationship &

in more detail in Chapter 3; for nowt is sufficient to note that the exponent, n, charac-




Chapter 2

88

singularity dominated zone is destroyed, and K no longer characterizes crack tip condi-
tions. Thus the plastic zone must be embedded within the singularity dominated zone. In
general, the singularity zone is small relative to in-plane length scales in the structure
i (see Example 2.6).

CRITICAL
K1

—

Plane Stress Plane Strain

THICKNESS

FIGURE 2.43 Effect of specimen thickness on Mode I fracture toughness.

EXAMPLE 2.7

Estimate the relative size of the singularity dominated zone ahead of a through crack in an infinite
plate subject to remote uniaxial tension (Fig. 2.3). The full solution for the stresses on the crack

plane (8=0) for this geornetry are as follows (see Appendix 2.3.2):

Ka+r)

o-)'."=_\(——
2ar + r?

where o is the remotely applied tensile stress.  Also, estimate the value of K| where the plane

strain plastic zone engulfs the singularity dominated zone.

)

Solution: As r—0 both of the above relationships reduce to the expected result:




